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Abstract

We design a Lyapunov based boundary feedback controller for achieving mixing
in a 3D pipe 
o w governed by Navier-Stokes equations. We show that the control
law maximizesa measurerelated to mixing (that incorporatesstretching and folding of
material elements), while at the sametime minimizing the control e�ort and the sensing
e�ort. The penalty on sensingresults in a static output-feedback control law (rather
than full-state feedback). We also derive a lower bound on the gain from the control
e�ort to the mixing measure.Furthermore, we establishinput/output-to-state-stabilit y
propertiesfor the open-loop system. Theseresultsshow a form of detectability of mixing
in the interior of the pipe from the chosenoutputs on the wall. The e�ectiv enessof
the optimal control in achieving mixing enhancement is demonstrated in numerical
simulations.
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1 In tro duction

The processof mixing is encountered frequently in engineeringapplications,with the mixing
of air and fuel in combustion enginesbeing a prime example[8, 3]. Approachesto analysing
mixing range from experimental design and testing to modern applications of dynamical
systemstheory (see[24, 25] for thorough reviews). The latter was initiated by Aref [4], and
followed by [5, 13, 17, 31, 28]. A framework in which to analysemixing properties of (non-
periodic) �nite-time 
o w �elds, was developed in [9, 10, 11, 12], and applied to geophysical

o ws in [27,22]. Another method for identifying regionsin a 
o w that havesimilar �nite-time
statistical properties basedon ergodic theory wasdeveloped and applied in [19, 18, 20]. The
relationship between the two methods mentioned, focusing on geometrical and statistical
properties of particle motion, respectively, was examined in [26]. Rigorous application of
control systemstheory to problemsin mixing appearedfor the �rst time in [6, 7], and more
recently in [23]. For a more elaborate review of theseworks, see[1].

In [1], we applied active feedback control in order to enhanceexisting instabilit y mech-
anisms in a 2D model of plane channel 
o w. By applying boundary control intelligently
in a feedback loop, mixing was considerablyenhancedwith relatively small control e�ort.
Wall-normal suction and blowing wasusedfor actuation, and the pressuredi�erence between
oppositepoints on the wall for sensing.The control law wasdecentralized and designedusing
Lyapunov stabilit y analysis.

In the current work, thesee�orts are successfullyextendedto 3D pipe 
o w, which, in the
uncontrolled case,has a parabolic steady state solution (known as Hagen-Poiseuille 
o w).
With mixing in mind, we quantify the 
o w perturbations (away from the Hagen-Poiseuille

o w) in terms of the L 2-norm of their �rst order spatial derivatives. This norm is a volume
integral over the entire 
o w domain. It explicitly incorporatesstretching of material elements,
and due to the boundednessof the domain, and the fact that the 
o w �eld satis�es the
Navier-Stokesequations,folding is implicit in the measure.Sincestretching and folding are
key ingredients in mixing, the measureappearsto be strongly related to mixing.

We design a Lyapunov basedcontrol law and show that it maximizes the measureof
mixing described above, while at the sametime minimizing the control e�ort and the sensing
e�ort. The penalty on sensingresults in a static output-feedback control law (rather than
full-state feedback). We alsoderive a lower bound on the gain from the control e�ort to the
mixing measure.

In separateresults, we establish input/output-to-state-stabilit y properties for the open-
loop system. Theseresults show a form of detectability of mixing in the interior of the pipe
from the chosenoutputs on the wall.

The e�ectivenessof the optimal control in achieving mixing enhancement is demonstrated
in numerical simulations of the full, nonlinear, Navier-Stokes equationsfor 3D pipe 
o w at
Reynoldsnumber 2100. To quantify mixing, masslessparticles are placedinto the 
o w, sim-
ulating passive tracer dye. Visualizations compareperturbation energy, enstrophy, vorticit y,
and dye distribution for the uncontrolled and controlled cases.

The feedback systemdesignedin this work standsa good chanceof being realizable,due
to its simplicity: sensingand actuation are restricted to the pipe wall; and the feedback law
is decentralized and static. Furthermore, simulations show that the spatial changesin the
control velocity are smooth and small, promising that a low number of actuators will su�ce
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Figure 1: Geometry of the pipe 
o w.

in practice.
This paper is organizedas follows: in Section 2 we present the governing equations; in

Section 3 we introduce our choicesof sensingand actuation; in Section 4 we de�ne two
measuresof the 
uid 
o w �eld which are instrumental to the theoretical analysis;in Section
5 we provide an energyanalysisresulting in two technical lemmasthat are frequently used
in the analysis;in Section6 we present the main result on control designand optimalit y; in
Section7 we discussdetectability of mixing; in Section8 numericalsimulations arepresented,
and �nally; in Section9 we o�er someconcludingremarks.

2 Navier-Stok es Equations for 3D Pip e Flo w

The non-dimensionalizedNavier-Stokesequation is given by

@W
@t

+ (W � r ) W = �r P +
1

Re
� W ; (1)

div (W ) = 0; (2)

wherer denotesthe gradient operator, � denotesthe Laplaceoperator, and div is short for
divergence.W : 
 � R+ ! R3 is the velocity of the 
uid, P : 
 � R+ ! R is the pressure,
and Re is the Reynoldsnumber. The Reynoldsnumber is de�ned as Re = � �D �V=� , where�
and � are the density and viscosity of the 
uid, respectively, and �D and �V are characteristic
length and characteristic velocity of the problem. The pipe radius is chosenascharacteristic
length, and the center velocity of the steady 
o w (Hagen-Poiseuille 
o w, given by equation
(3) below) is chosenas characteristic velocity. The domain, 
, for the 3D pipe 
o w is most
easily de�ned in terms of cylindrical coordinates (r; � ; z), con�gured as shown in Figure 1.
The domain is thus given by 
 = f (r; � ; z) 2 [0; 1) � [0; 2� ) � [0; L)g, whereL is the length
of the pipe. In the angular (� ) direction the boundary conditions are clearly periodic. In the
streamwise (z) direction, we also useperiodic boundary conditions. That is, we equatethe

o w quantities at � = 0 and � = 2� , and at z = 0 and z = L. In the radial direction (r ) we
imposethe boundary conditions that the velocity be �nite at r = 0, and at the wall (r = 1)
we will eventually specify the 
o w velocity as a boundary control law, but for now we use
no-slip. Under theseboundary conditions, one may verify that the velocity �eld, �W , and
pressure �P, de�ned by

� �W ; �P
�

=
� �Vr ; �V� ; �Vz; �P

�
=

�
0; 0; 1 � r 2; �

4
Re

z
�

; (3)
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is a steadystate solution of (1){(2), where �Vr , �V� , and �Vz are the velocity components in the
radial (r ), angular (� ), and streamwise(z) directions, respectively. Equation (1){(2) in terms
of perturbation variables,de�ned as

w , W � �W ; and p , P � �P; (4)

becomes

@w
@t

+ (w � r ) w + (w � r ) �W +
� �W � r

�
w = �r p +

1
Re

� w; (5)

div (w) = 0: (6)

In cylindrical coordinates,we will denotethe perturbation variables

w = (vr ; v� ; vz) ,
�
Vr ; V� ; Vz � �Vz

�
; and p , P � �P: (7)

We will frequently needvolumeintegralsover the domain 
, aswell asareaintegralsover the
boundary, which we denote@
. In view of the periodic boundary conditions in the angular
and streamwise directions, the boundary is simply the pipe wall, @
 = f (r; � ; z) : r = 1g.
The volume and area integrals are denotedin the usual manner as

Z




(�) dV; and
Z

@


(�) dA; (8)

respectively. The equivalent integrals in cylindrical coordinatesare

LZ

0

2�Z

0

1Z

0

(�) r drd� dz; and

LZ

0

2�Z

0

(�) d� dz: (9)

3 Sensing and Actuation

As mentioned in the previoussection,the boundary conditions on the wall of the pipe incor-
porate our actuation. The 
uid velocity at the wall is restricted to be normal to the wall,
that is, vr (1; � ; z; t) = u(� ; z; t), and v� (1; � ; z; t) = vz(1; � ; z; t) = 0, where u(� ; z; t) is the
control input. Thus, w � n = u on @
, wheren is the outward pointing unit normal vector.
We also imposeon the control input that it satis�es

u (� ; z; t) = � u (� + � ; z; t) ; (10)

which statesthat if suction is appliedat a point (� ; z) on the pipe wall, then an equalamount
of blowing is applied at the opposite point (� + � ; z). This is illustrated in Figure 2. It is
clear that condition (10) ensuresa zeronet mass
ux acrossthe pipe wall, and thereforeit is
a natural condition to imposefrom a massbalancepoint of view. The measurement available
is the pressuredrop, denotedy, from any point (� ; z) on the pipe wall to the opposite point
(� + � ; z). That is,

y(� ; z; t) , p(1; � ; z; t) � p(1; � + � ; z; t) : (11)
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Figure 2: Actuation is symmetric about the pipe centerline.

We alsode�ne the instantaneouscontrol e�ort and sensinge�ort as

U(t) =
Z

@


u2dA; (12)

and

Y(t) =
Z

@


y2dA; (13)

respectively.

4 Measures of Mixing

There are two key ingredients to e�ective mixing. The 
uid 
o w �eld must in
ict extensive
stretching to material elements, and the stretching shouldbe accompaniedby folding. In this
work, we de�ne two measuresof the 
uid 
o w �eld that are instrumental to our development
below. One is the kinetic energyof the perturbation, termed turbulent kinetic energy in the

uid mechanics literature, de�ned as

E (w) ,
1
2

Z




jw j2 dV =
1
2

LZ

0

2�Z

0

1Z

0

�
v2

r + v2
� + v2

z

�
r drd� dz; (14)

and the other is a measureof spatial velocity gradients, de�ned as

m (w) ,
Z




jr w j2 dV =
Z




Tr
�

r wT r w
	

dV

=

LZ

0

2�Z

0

1Z

0

" �
@vr

@z

� 2

+
�

@v�

@z

� 2

+
�

@vz

@r

� 2

+
�

1
r

@vz

@�

� 2

+
�

@vz

@z

� 2

+
�

@vr

@r

� 2

+
�

@v�

@r

� 2

+
�

vr

r
+

1
r

@v�

@�

� 2

+
�

v�

r
�

1
r

@vr

@�

� 2
#

rdrd� dz: (15)

The latter measure,(15), which is related to the dissipation function via the factor 1=Re,
appears to be stronger connectedto mixing. While it is clear that stretching of material
elements is explicit in a measureof spatial gradients of the 
o w �eld, folding is implicit in
the measuredue to the boundednessof the 
o w domain, and the fact that w satis�es the
Navier-Stokes equations. It is recognized,that 
o w �elds having poor mixing properties
and large m (w) exist, but we postulate that such 
o w �elds will not be hydrodynamically
stable under the control actuation to be designedbelow. Thus, our objective becomesthat
of designinga feedback control law, in terms of suction and blowing of 
uid normally to the
pipe wall, that is optimal with respect to somemeaningful cost functional related to m(w).
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5 Energy Analysis

Beforegiving the main result on controller designand optimalit y, we state two key lemmas
that are neededfrequently in what follows. The �rst lemma is a Lyapunov type result
and it relates the time derivative of E (w (t)) to m (w (t)). The secondlemma provides a
bound on the crosstermbetweenthe perturbation and the Hagen-Poiseuillesteadystate 
o w,
originating from the nonlinear convective terms in the Navier-Stokesequation. This term is
called the instantaneous production in the 
uid mechanics literature. Proofs of the lemmas
are provided in Appendix A.

Lemma 1 (Balance for the turbulen t kinetic energy) For wall-normal actuation, sat-
isfying (10),

_E(w) = �
1
2

Z

@


uydA �
1

Re
U �

1
Re

m (w) � � (w) (16)

along solutions of system(5){(6), where

� (w) =
Z




�
(w � r ) �W +

� �W � r
�

w
�

� wdV: (17)

Lemma 2 (Bound for the instan taneous pro duction) If vz(1; � ; z; t) = 0, then solu-
tions of system(5){(6) satisfy

� (w) �
a
2

(1 + b) U + max
�

a
4

�
1 +

1
b

�
;

1
4a

�
m (w) ; (18)

for arbitrary positive constantsa and b.

The conditions of Lemma 1 and 2 are assumedto hold throughout the analysisthat follows,
that is: actuation is wall-normal and satis�es (10).

6 Optimalit y

The following theorem incorporatesthe control designand optimalit y result.

Theorem 1 The control
u = � ky; (19)

with k 2
�
0; Re

4

�
and Re arbitrary, maximizesthe cost functional

J (u) = lim
t !1

2

42� E (w (t)) +

tZ

0

h (w (� )) d�

3

5 (20)

where

� =
2k

�
1 � 4

Rek
�
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and

h (w) =
2�
Re

m (w) + 2� � (w) �
�

�
2

� 2 �
1 +

2�
Re

� � 1

Y � U: (21)

Moreover, solutions of system(5){(6) satisfy

h (w) � c1m (w) � c2Y �
1
2

U (22)

for arbitrary valuesof the control u, and with

c1 =
2�
Re

+ max
�

1
4

; 2� 2

�
> 0 and c2 =

�
�
2

� 2 �
1 +

2�
Re

� � 1

> 0: (23)

Pro of. By Lemma 1, we can write (21) as

h (w) = � 2� _E(w) � �
Z

@


uydA �
2�
Re

U �
�

�
2

� 2 �
1 +

2�
Re

� � 1

Y � U: (24)

Inserting (24) into (20) we get

J (u) = lim
t !1

2

42� E (w (t)) +

tZ

0

0

@
�

� 2� _E(w (� ))
�

� �
Z

@


uydA

�
�

1 +
2�
Re

�
U �

�
�
2

� 2 �
1 +

2�
Re

� � 1

Y

!

d�

#

= lim
t !1

2

42� E (w (t)) � 2�

tZ

0

_E(w (� ))d�

�
�

1 +
2�
Re

� tZ

0

Z

@


 

u2 + �
�

1 +
2�
Re

� � 1

uy +
�

�
2

� 2 �
1 +

2�
Re

� � 2

y2

!

dAd�

3

5

= 2� E (w (0)) �
�

1 +
2�
Re

�
lim
t !1

tZ

0

Z

@


 

u +
�
2

�
1 +

2�
Re

� � 1

y

! 2

dAd� : (25)

The maximum of (20) is achieved when the integral in (25) is zero. Thus, (19) is the optimal
control. Inequality (22) is obtained by applying Lemma 2 with a = 1

4� and b= 1, to (21).

The objective of applying the control input (19) is to increasethe value of m(w). That
this objective is targeted in the cost functional (20), is clear from inequality (22), which gives
an upper bound on h (w) in terms of m (w). Thus, h (w) cannot be made large without
making m (w) large, so the cost functional (20) is meaningful with respect to our objective.
The cost functional also puts penalty on the output. Since the output is fed back to the
control input, the output penalty works in conjunction with the input penalty to minimize
control e�ort.

The next theoremwrites the result of Theorem1 on a form that puts emphasison signal
gains.

7



Theorem 2 For all Re and t � 0; solutions of system(5){(6) satisfy

max
u

E (w (0) ) 6= 0

8
>>><

>>>:

lim
t !1

2� E (w(t)) +
tR

0
g(w (� )) d�

2� E (w (0)) + c2

tR

0
Y(� )d� + 1

2

tR

0
U(� )d�

9
>>>=

>>>;

= 1; (26)

where
g(w) , h (w) + c2Y +

1
2

U; (27)

and
g(w) � c1m (w) . (28)

Furthermore, the maximum is achieved with the optimal control (19), for which solutions of
the closed{loop systemsatisfy

2� E (w (t)) + c1

tZ

0

m (w (� )) d� � 2� E (w (0)) +
�

3
2

+
2�
Re

� tZ

0

U(� )d� : (29)

Pro of. Integration of (27) with respect to time, and adding 2� E (w (t)) to each side,gives

2� E (w (t)) +

tZ

0

g(w (� )) d� = 2� E (w (t)) +

tZ

0

h (w (� )) d� + c2

tZ

0

Y(� )d� +
1
2

tZ

0

U(� )d� :

(30)
The two �rst terms on the right hand side of (30) is J (u) (without the limit), so inserting
(25) we get

2� E (w (t)) +

tZ

0

g(w (� )) d� = 2� E (w (0))

�
�

1 +
2�
Re

� tZ

0

Z

@


 

u +
�
2

�
1 +

2�
Re

� � 1

y

! 2

dAd�

+ c2

tZ

0

Y(� )d� +
1
2

tZ

0

U(� )d� : (31)

Dividing both sidesof (31) by

2� E (w (0)) + c2

tZ

0

Y(� )d� +
1
2

tZ

0

U(� )d� ;
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assumingE (w (0)) 6= 0, taking the limit as t ! 1 , and then taking the maximum value
over u, we obtain

max
u

E (w (0)) 6= 0

8
>>><

>>>:

lim
t !1

2� E (w (t)) +
tR

0
g(w (� )) d�

2� E (w (0)) + c2

tR

0
Y(� )d� + 1

2

tR

0
U(� )d�

9
>>>=

>>>;

= max
u

E (w (0) ) 6= 0

8
>>><

>>>:

1 � lim
t !1

�
1 + 2�

Re

� tR

0

R

@


�
u + �

2

�
1 + 2�

Re

� � 1
y
� 2

dAd�

2� E (w (0)) + c2

tR

0
Y(� )d� + 1

2

tR

0
U(� )d�

9
>>>=

>>>;

: (32)

Sincethe numerator of the last term in (32) is non-negative, and the denominator is strictly
positive, the maximum on the right hand sideof (32) is attained when the numerator is zero,
which is for the optimal control (19). Thus, we obtain (26). Inequality (28) follows from (27)
and (22). Inserting the optimal control into (31) by writing y in terms of u using (19), we
obtain

2� E (w (t)) +

tZ

0

g(w (� )) d� = 2� E (w (0)) + c2

�
2
�

� 2 �
1 +

2�
Re

� 2 tZ

0

U(� )d� +
1
2

tZ

0

U(� )d� :

(33)
Inserting for c2, as de�ned in (23), and using (28), we get (29).

The result (26) was inspired by the work on optimal destabilization of linear systems
reported in [21]. In view of (28), by maximizing the ratio in the curly brackets of (26), we
make surethat the input and output signalsare small comparedto the internal states. This
is equivalent to obtaining a large closed-loop gain. In addition, the theorem gives a lower
bound on the statesin terms of the control input for system(5){(6) in closedloop with (19).
Thus, it establishesthe fact that the statescannot be small without the control input being
small, and the control input cannot be made large without making the states large. As we
shall seein our simulation study, this will lead to good mixing with low control e�ort.

7 Detectabilit y of Mixing

Achieving optimalit y with static output feedback of y is remarkable. In this section we
explain why this special output is strongly related to mixing and allows its enhancement.
The next theoremestablishesan open-loop property of system(5){(6) that is reminiscent of
an integral variant of input/output-to-state-stabilit y (IOSS) for �nite dimensionalnonlinear
systems.

Theorem 3 If Re 2 (0; 4), then solutions of system(5){(6) satisfy

c3

tZ

0

m (w (� )) d� � 2� E (w (0)) + � 2

�
1 +

2�
Re

� � 1 tZ

0

Y(� )d� + c4

tZ

0

U(� )d� ; (34)
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for all t � 0 and for arbitrary valuesof the control u, with

c3 =
�
4

�
4 � Re

Re

�
> 0 and c4 = 1 + �

�
4 + Re
4 � Re

�
> 0:

Pro of. From (20), (21) and (25), we get for all t � 0:

2� E (w (t)) +

tZ

0

2�
Re

m (w (� )) d� � 2� E (w (0)) � 2�

tZ

0

�( w(� ))d�

+
�

�
2

� 2 �
1 +

2�
Re

� � 1 tZ

0

Y(� )d� +

tZ

0

U(� )d� :(35)

Using Lemma 2 , we obtain

2� E(w(t)) +

tZ

0

2�
Re

m(w(� ))d�

� 2� E(w(0)) + 2�

tZ

0

�
a
2

(1 + b)U(� ) + max
�

a
4

�
1 +

1
b

�
;

1
4a

�
m(w(� ))

�
d�

+
�

�
2

� 2 �
1 +

2�
Re

� � 1 tZ

0

Y(� )d� +

tZ

0

U(� )d� ;

so it follows that

2� E(w(t)) +

tZ

0

2�
Re

m (w (� )) d�

� 2� E (w (0)) +

tZ

0

�
2

max
�

a
�

1 +
1
b

�
;
1
a

�
m (w (� )) d�

+
�

�
2

� 2 �
1 +

2�
Re

� � 1 tZ

0

Y(� )d� + (1 + � a (1 + b))

tZ

0

U(� )d� :

Rearrangingthe terms, we obtain

2� E (w (t)) +
�

2�
Re

�
�
2

max
�

a
�

1 +
1
b

�
;
1
a

�� tZ

0

m (w (� )) d�

� 2� E (w (0)) +
�

�
2

� 2 �
1 +

2�
Re

� � 1 tZ

0

Y(� )d� + (1 + � a (1 + b))

tZ

0

U(� )d� ;
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which is (34) for a = 1 and b= 2
�

Re
4� Re

�
.

The signi�cance of inequality (34) is that it provides a notion of detectability of internal
states from the output y. In particular, if m(w) is large, y must be large as well, or if y
is small, so is m(w). This is reminiscent of an integral variant of the IOSS property for
�nite-dimensional nonlinear systems,as presented in [15] (and motivated by earlier results
in [29, 30]). In the caseof (34) we have an integral-to-integral property (iiIOSS) with m(w)
as a measureof the states, so the \energy" of the states is boundedabove by the \energy"
of the input and output signals. With E (w) as a measureof the states, we can also �nd a
uniform upper bound (as opposedto an \energy" upper bound) in terms of the input and
output signals. That is, system(5){(6) hasthe IOSSproperty, asstated formally in the next
theorem.

Theorem 4 For Re 2 (0; 4), solutions of system(5){(6) satisfy

E (w (t)) � E (w (0)) e� c5 t +
1

4c5
sup

� 2 [0;t ]
Y(� ) +

c6

c5
sup

� 2 [0;t ]
U(� ) (36)

for all t � 0 and for arbitrary valuesof the control u, with

c5 = 2max
�

4
3Re

� 1;
4 � Re
4 + Re

�
> 0 and c6 = max

�
1
4

;
1
4

+
5Re� 4

Re(4 � Re)

�
> 0.

Pro of. From (62), (63) and a similar derivation for v� , we have

2E (w) �
1
2

(1 + b) U+
1
4

LZ

0

2�Z

0

1Z

0

 �
1 +

1
b

� �
@vr

@r

� 2

+
�

@v�

@r

� 2

+
�

@vz

@r

� 2
!

r drd� dz; (37)

and therefore

2E (w) �
1
2

(1 + b) U +
1
4

�
1 +

1
b

�
m (w) : (38)

From Lemma 1 and (38) we get

_E(w) � � 2
�

4
Re

�
b

1 + b

�
� 1

�
E (w) �

1
2

Z

@


uydA +
2b� 1

Re
U;

so that

_E(w) � � 2
�

4
Re

�
b

1 + b

�
� 1

�
E (w) +

1
4

Z

@


�
u2 + y2

�
dA +

2b� 1
Re

U:

Setting

b= max
�

1
2

;
2Re

4 � Re

�

we obtain
_E(w) � � c5E (w) +

1
4

Y + c6U (39)
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with

c5 = 2max
�

4
3Re

� 1;
4 � Re
4 + Re

�
; and c6 = max

�
1
4

;
1
4

+
5Re� 4

Re(4 � Re)

�
:

Inequality (36) now follows from the comparisonprinciple [16, LemmaC.5] (and the triangle
inequality applied to the two last terms in (39)).

In Theorem 4, the notation sup[0;t ] denotesthe essential supremum taken over the �nite
time interval [0; t]. The detectability propertiesstated in Theorems3 and 4 indicate that our
choiceof sensing,y, is appropriate.

8 Numerical Simulations

8.1 Computational scheme

The simulations are performedusing a 
o w solver that is basedon a second{orderstaggered
grid discretization, second{ordertime advancement, and a Poissonequation for pressure,
basedon a schemedesignedby Akselvoll and P. Moin [2]. The length of the cylinder is L = 3�
and the radius is R = 1. The grid is structured, single-block with cylindrical coordinates. It
is uniform and periodic in z and � with Fourier{modes64 and 128respectively, and linearly
spacedwith ratio 8 : 1 in the radial direction in order to achieve high resolution at the wall.
The adaptive time step was in the range of 0:01-0:08 with constant CFL number 0:5 and
constant 1 volume 
ux per unit span. Numerical results corresponding to three di�erent
Reynoldsnumbers are presented here. The lowest Reynoldsnumber is Re = 10 which is a
stable, and perhapsnonphysical 
o w, but it is a good test casefor the e�ectivenessof the
control design.The secondReynoldsnumber we usedwasRe = 2100which is slightly higher
than the limiting number Re = 2000for self{sustainedturbulence. Finally for the caseof
Re = 5000we comparenatural and controlled turbulence.

We started both the controlled and the uncontrolled casefrom a statistically steadystate

o w �eld with control gain k = 0:1 in the controlled case.The initial 
o w �eld wasobtained
from a random perturbation of the parabolic pro�le over a large time interval using the
uncontrolled case. All the measuredquantities were scaledto unit surfaceor unit volume,
whichever was appropriate.

8.2 Measuring mixing

We start our comparisonwith the perturbation energyand the enstrophy. While the pertur-
bation energyis part of the cost functional (20) and it is also oneof the simplest quantities
to measurein our numerical simulation, enstrophy provides us with a measurement that is
morecloselyrelated to mixing. Figure 3 shows that in the Re = 2100caseour control results
in an approximately 60%increasein the perturbation energyand 100%almost instantaneous
increasein the enstrophy. For the Re = 5000casethesenumbersare smaller: approximately
13%and 16%respectively. One seesthe largest control e�ect in the Re = 10 case:\in�nite
% increasein the perturbation energyand 140%increasein the enstrophy. Intuitiv ely these
di�erences are easyto understand. In a laminar 
o w (Re = 10) there is no mixing, hence
this casecan be dramatically improved with control. The Re = 2100casecorresponds to

12



self{sustainedturbulencealready, but it is not far from the laminar (Re = 2000)case.In this
border caseit is expectedthat our control caneasilytip the scaletoward increasedturbulence
and mixing. In the fully turbulent (Re = 5000)casewe can't expect dramatic changes,but
the increasein the measuredquantities would be consideredsigni�cant in applications.

The instantaneousstreamwise vorticit y along a crosssectionof the pipe (Figure 4) also
shows somepromise for increasedmixing with higher valuesof vorticit y and more complex
vortex structures in the controlled casethan in the uncontrolled case.Vorticit y is increased
not only near the wall but everywherein the pipe.

The method we useto quantify and visualizemixing is the tracking of dye in the 
o w. We
considerthe problem of mixing of a single
uid (or similar 
uids) governedby the stretching
and folding of material elements. We introducepassive tracer dye alongthe center of the pipe
represented by a set of 100particles (Figure 5). We trace the position of theseparticles using
a particle{line method [14, 32]. The distance between neighboring particles is kept under
0:1 by introducing new particles to halve the distance if necessaryto obtain a connected
dye surfaceat all time. As shown in Figure 6, the number of particles, that is, the length
of the dye, increasesin the controlled caseat a much higher rate than in the uncontrolled
case. Adding particles is not feasiblecomputationally for an extendedperiod of time. We
stopped adding particles when their number reached two million (t = 4 in the controlled
caseand t = 8 in the uncontrolled case),but we continued tracing them. Figure 7 shows
the distribution of particles inside the pipe. In the controlled casewe obtain more uniform
particle distribution even for smaller time.

We comparethe nine di�erent parts of functional m (w) for di�erent Reynoldsnumbers
in Figures8, 9 and 10. In these�gures we omit the integral signsaswell as the squaresigns
in order to simplify notations. In all the casesthe terms can be divided into two groups: one
dominant group and another group with terms more than a magnitude smaller.

Westart the comparisonwith the largeReynoldsnumber casesRe = 2100and Re = 5000
(seeFigures 8 and 9), becausethey have similar features. In both of thesecasesthere are

two parts that are signi�cantly larger than the rest: the parts containing
@v�

@r
and

@vz

@r
. The

next large term corresponds to the expression
1
r

@vz

@�
and it is 4 to 6 times smaller than the

two largest terms. The rest of the terms are about 30 to 200 times smaller than the two
largest terms.

For Reynoldsnumber Re = 10 someof the terms have large valuesand their behavior
is chaotic for the initial transient time t 2 [0; 6]. We only make comparisonfor larger time

in Figure 10. The dominant terms are the onescontaining
@vr

@r
;

v�

r
�

1
r

@vr

@�
,

vr

r
+

1
r

@v�

@�
and

@vz

@r
. Only the last one of these terms, the terms containing

@vz

@r
belongsto the dominant

group for larger Reynolds numbers. The term containing
1
r

@vz

@�
is one magnitude smaller

than thesefour dominant terms. The rest of the terms are all four magnitude smaller and
are omitted from the �gure.
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8.3 Measure of control e�ort

In the previoussubsectionour numerical simulations show signi�cant mixing resultswith our
feedback boundarycontrol law. This control law is optimal with respect to the costfunctional
(20). In this subsectionwe measurehow big the control e�ort is relative to natural quantities
in the pipe 
o w.

Figure 11 comparesthe natural pressurepower (
Z 2�

0

Z 1

0
pvzr drd� ) that propels the 
o w

through the channel to the power of the control actuation (
Z 2�

0

Z L

0
pudzd� ). The actuation

power is four magnitude smaller than the natural pressurepower for all three Reynolds
numbers. The negative sign of the actuation power shows that the actuation acts against
high pressureon the wall by blowing inward the pipe.

We compare the pipe 
ux (
Z 2�

0

Z 1

0
vz drd� ) and the actuation 
ux (

Z 2�

0

Z L

0
juj drd� )

with the help of Figure 12. As we stated earlier, the pipe 
ux is set to constant oneper unit
span. The actuation 
ux is onequarter of the pipe 
ux for Re = 10 and about oneeighth of
the pipe 
ux for Re = 2100and Re = 5000. The maximum velocity at the wall is 10� 3 for
Re = 10 and 5 � 10� 4 for Re = 2100and for Re = 5000.

8.4 Actuator distribution and bandwidth for Re = 2100

Figure 13 shows the instantaneouspressure�eld in a crosssection of the pipe along with
the boundary velocity that is magni�ed 500 times for visualization. The control \blo ws in"
whenwall pressureis high and \sucks out" whenwall pressureis low. Spatial changesin the
control velocity are smooth and small, promising that low number of actuators will su�ce in
practice. In order to investigatethe density and bandwidth of sensorsand actuators needed
we calculate the power spectral densitiesof the control. The spectral plots alongsidewith
the original signals are shown in Figure 14. Figures 14(a,b) show that only about 10-15
actuators/sensorsare neededalong the pipe length. Similarly, in the angular direction (see
Figures14(c,d)) we needat most 15-20actuators/sensors.That results in approximately 200
micro{actuators/sensorsfor the whole pipe surface. The time{frequency analysis (Figures
14(e) and (f )) shows a bandwidth required for sensing/actuationof only 1:5Hz.

9 Concluding Remarks

We have shown that mixing in 3D pipe 
o w is considerably enhancedby applying small
amounts of blowing and suction acrossthe pipe wall. With the L 2-norm of �rst order spatial
derivativesof the 
o w perturbations as a measureof mixing, we have designeda Lyapunov
basedcontrol law that maximizesthis measure,while at the sametime minimizing the control
e�ort and the sensinge�ort. The penalty on sensingresulted in a static output-feedback
control law (rather than full-state feedback). A lower bound on the gain from the control
e�ort to the mixing measurewas also derived. For the open-loop system, input/output-to-
stabilit y properties were established,which show a form of detectability of mixing in the
interior of the pipe from the chosenoutputs on the wall.
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Figure 3: Perturbation Energy and Enstrophy.
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Uncontrolled Controlled

Figure 4: Streamwisevorticit y at Re = 2100.

Figure 5: Initial particle distribution.
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Figure 6: Length of dye asa function of time.
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Uncontrolled, t = 38

Controlled, t = 19

Controlled, t = 38

Figure 7: Particle distribution, Re = 2100.
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Figure 10: Parts of functional m (w) for Re = 10.

The e�ectivenessof the optimal control in achieving mixing enhancement was demon-
strated in numerical simulations of the 3D pipe 
o w at Reynoldsnumbers10, 2100and 5000.
Masslessparticles placedinto the 
o w, simulating passive tracer dye, indicated considerable
mixing enhancement as a result of the control. Simulation results alsoshowed that the spa-
tial changesin the control velocity were smooth and small, promising that a low number of
actuators will su�ce in practice.
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A Pro ofs of Technical Lemmas

A.1 Pro of of Lemma 1

The time derivative of E (w) along tra jectoriesof (5){(6) is

_E(w) =
Z




@w
@t

� wdV; (40)

so inserting (5) we have

_E(w) = �
Z




(w � r )w � wdV �
Z




�
(w � r ) �W +

� �W � r
�

w
�

� wdV

�
Z




r p � wdV +
1

Re

Z




� w � wdV: (41)

We will now integrate term by term usingthe divergencetheoremof Gauss,and the following
three formulas from vector di�erential calculus(can be found in any book on calculus)1

div(f w) = w � r f ; (42)

�( f g) = g� f + 2r f � r g + f � g; (43)

� f = div(r f ): (44)

1In (42), we have used(6).
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The convectiv e term

�
Z




(w � r )w � wdV = �
1
2

Z




r (w � w)wdV = �
1
2

Z




div((w � w)w)dV; (45)

so, by the divergencetheorem of Gauss,we get

�
Z




(w � r )w � wdV = �
1
2

Z

@


[(w � w)w] � ndA: (46)

w � n = u on @
, so the integrand in the last integral of (46) is simply u3. Sinceu has the
form (10), we have for odd n

2�Z

0

und� =

0Z

� �

und� +

�Z

0

und� = �

0Z

� �

un (� � ; z; t) d� +

�Z

0

un (� ; z; t) d�

and by a changeof variablesin the �rst integral (� � = � � ), we get

2�Z

0

und� = �

�Z

0

un (� � ; z; t) d� � +

�Z

0

un (� ; z; t) d� = 0:

So we obtain

�
Z




(w � r )w � wdV = 0: (47)

The crossterm

�
Z




�
(w � r ) �W +

� �W � r
�

w
�

� wdV = � �( w); (48)

by de�nition of �( w).

The pressure term

�
Z




r p � wdV = �
Z




div(pw)dV; (49)

so by the divergencetheorem of Gauss,and the fact that w � n = u on @
,

�
Z




r p � wdV = �
Z

@


pudA: (50)
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From (10) and (11) we have

2�Z

0

[up]r =1 d� =

�Z

0

[up]r =1 d� +

2�Z

�

[up]r =1 d�

=

�Z

0

[up]r =1 d� �

�Z

0

u (� ; z; t) p(1; � + � ; z; t) d�

=

�Z

0

u (� ; z; t) yd� =
1
2

2�Z

0

u (� ; z; t) yd� ; (51)

so we obtain

�
Z




r p � wdV = �
1
2

Z

@


uydA: (52)

The dissipation term

1
Re

Z




� w � wdV =
1

Re

Z




(� wi )wi dV =
1

Re

Z




[�( wi wi ) � 2r wi � r wi � wi (� wi )] dV; (53)

wherewe have adopted the Einstein summation notation. From (53) we get

1
Re

Z




� w � wdV =
1

2Re

Z




�( wi wi )dV �
1

Re

Z




jr w j2 dV: (54)

The integrandof the �rst integral on the right handsideof (54) canbewritten asdiv(r (jw j2)),
so by the divergencetheorem of Gauss,we get

Z




�( wi wi )dV =
Z

@


(r jw j2) � ndA: (55)

Sincethe control is wall-normal, the integrand on the right hand sideof (55) reducesto

2vr
@vr

@r
: (56)

We now note from incompressibility (6), which in cylindrical coordinates reads

1
r

@
@r

(r vr ) +
1
r

@v�

@�
+

@vz

@z
= 0; (57)

that
@vr

@r
(1; � ; z; t) = � vr (1; � ; z; t): (58)

Thus, by inserting (58) into (56), (56) into (55), and (55) into (54), we obtain

1
Re

Z




� w � wdV = �
1

Re

Z




jr w j2 dV �
1

Re

Z

@


u2dA: (59)

Substituting the terms (47), (48), (52), and (59) into (41) yields (16). �
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A.2 Pro of of Lemma 2

Using cylindrical coordinates,we have that

�( w) =

LZ

0

2�Z

0

1Z

"

vzvr
@�Vz

@r
rdrd� dz: (60)

Sincesup


�
�
� @�Vz

@r

�
�
� = 2, we have

LZ

0

2�Z

0

1Z

"

vzvr
@�Vz

@r
rdrd� dz � 2

LZ

0

2�Z

0

1Z

"

jvzj jvr j r dr

� a

LZ

0

2�Z

0

1Z

"

v2
r r drd� dz +

1
a

LZ

0

2�Z

0

1Z

"

v2
z r drd� dz: (61)

We write

vr (r; � ; z; t) = u �

1Z

r

@vr

@r
dr

so that

v2
r (r; � ; z; t) =

0

@u �

1Z

r

@vr

@r
dr

1

A

2

� (1 + b) u2 +
�

1 +
1
b

�
0

@
1Z

r

@vr

@r
dr

1

A

2

:

By the Schwartz inequality,
0

@
1Z

r

1
p

r

p
r

@vr

@r
dr

1

A

2

� � ln r

1Z

r

r
�

@vr

@r

� 2

dr;

so we have that

r v2
r (r; � ; z; t) � (1 + b) ru2 �

�
1 +

1
b

�
r ln r

1Z

"

r
�

@vr

@r

� 2

dr;

wherewe have set r = " in the lower integral limit. We now get
LZ

0

2�Z

0

1Z

"

v2
r r drd� dz �

LZ

0

2�Z

0

1Z

"

0

@(1 + b) ru2 �
�

1 +
1
b

�
r ln r

1Z

"

r
�

@vr

@r

� 2

dr

1

A drd� dz

=
1
2

�
1 � "2

�
(1 + b)

LZ

0

2�Z

0

u2d� dz

+
1
4

�
1 � "2 + 2"2 ln "

�
�

1 +
1
b

� LZ

0

2�Z

0

1Z

"

r
�

@vr

@r

� 2

drd� dz: (62)
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For vz, we have

vz(r; � ; z; t) = �

1Z

r

@vz

@r
dr;

so we get

v2
z (r; � ; z; t) =

0

@
1Z

r

1
p

r

p
r

@vz

@r
dr

1

A

2

� � ln r

1Z

r

r
�

@vz

@r

� 2

dr:

and, �nally

LZ

0

2�Z

0

1Z

"

v2
zr drd� dz �

LZ

0

2�Z

0

1Z

"

� r ln r

1Z

"

r
�

@vz

@r

� 2

drdrd� dz

=
1
4

�
1 � "2 + 2"2 ln "

�
LZ

0

2�Z

0

1Z

"

r
�

@vz

@r

� 2

drd� dz: (63)

Inserting (62) and (63) into (61), and letting " ! 0, yield

LZ

0

2�Z

0

1Z

0

vzvr
@�Vz

@r
rdrd� dz �

a
4

�
1 +

1
b

� LZ

0

2�Z

0

1Z

0

�
@vr

@r

� 2

r drd� dz

+
1
4a

LZ

0

2�Z

0

1Z

0

�
@vz

@r

� 2

r drd� dz: (64)

(18) now follows from (60), (64), and (15). �
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