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Abstract
Weconsiderfeedbacktransformationsof thebackstepping/feedbacklinearizationtypethat

havebeenprevalentin �nite dimensionalnonlinearstabilization,and,with theobjectiveof ulti-
matelyaddressingnonlinearPDE's,generatethe�rst suchtransformationsfor alinearPDEthat
canhave anarbitrary�nite numberof open-loopunstableeigenvalues.Thesetransformations
have theform of recursive relationshipsandthefundamentaldif�culty is thattherecursionhas
anin�nite numberof iterations.Naiveversionsof backsteppingleadto unboundedcoef�cients
in thosetransformations.We show how to designthemsuchthat they aresuf�ciently regu-
lar (not continuousbut L¥ ). We thenestablishclosed–loopstability, regularity of control,and
regularityof solutionsof thePDE.

1 Intr oduction

Moti vation. In �nite dimensions, stabilizationproblemsfor nonlinearsystemsare today most
commonlysolvedusingthemethodsof feedbacklinearization[20] andbackstepping[22]. These
methodsapplydiffeomorphiccoordinatetransformationsthatput thesystemequationsin theform
wherethe stabilizationproblembecomeseasy(the control input hasaccessto all the nonlinear-
ities). The differencebetweenthe two methodsis that feedbacklinearizationwas inventedfor
systemswith perfectmodels,while backstepping,developedlater, allows some�e xibility to deal
with systemsthatcontainperturbations,disturbances,andunmodeleddynamics.For themajority
of nonlinearsystemsthesearenot only themostpopularbut theonly stabilizationmethodsavail-
able. It is thereforenaturalthat, in attemptingto solve stabilizationproblemsfor a broaderclass
of in�nite dimensionalnonlinearsystems,one�rst hopesthat feedbacklinearizationor backstep-
ping cansomehow be extendedto in�nite dimensions.Unfortunately, the chancesthat a simple
solutionto thisproblemexistsareextremelyslim. It is enoughto look atwhatthecoordinatetrans-
formationsin feedbacklinearizationandbacksteppinginvolve (repeateddifferentiationof system
nonlinearities,combinedwith arithmeticoperationsonthem)to realizethatif suchprocedurestake
an in�nite numberof stepsthey will resultin very problematicnonlinearoperatorsfor coordinate
transformations,andalsofor controllaws. Thisdoesnotmeanthatproving somedesirableproper-
tiesfor thosetransformationsis impossible—itis just that,if possible,it will behighly nontrivial.

Becauseof potential signi�cance of feedbacklinearizationand backsteppingfor nonlinear
in�nite–dimensionalsystems,it is well worthstartingthestudyof thesemethodsonlinearin�nite–
dimensionalsystems.It turnsout that performingtheserecursive proceduresin in�nitely many
stepsis nontrivial even for linear systems.The �rst stepin this directionwasmadeby Boskovic
and Krstic [6] who consideredthe sameequationas in this paper(to be introducedbelow) but
with parametersrestrictedsothatthenumberof open–loopunstableeigenvaluesis no greaterthan
one. In this limited casethey deriveda closed–formandsmoothcoordinatetransformationbased
on backstepping.This result is peculiarto the mild level of open–loopinstability andcannotbe
extendedto thesameequationwith anarbitrarylevel of instability. We stressthatallowing anar-
bitrary level of instability is thewholepoint here.In �nite dimensionsbacksteppingcandealwith
systemswhereactuallyall the eigenvaluesareunstable(andfurthermorewith �nite–escapetype
instabilities).

Themethodwepresenthererevealsakey issuefor �nding backsteppingcontrolsfor arbitrarily
unstablelinearparabolicPDEsystems.This key issueis the targetsystemto which oneis trans-
forming theoriginal systemby coordinatetransformation.For example,if onetakesthestandard
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feedbacklinearizationrouteleadingto theBrunovsky canonicalform, or even thestandardback-
steppingrouteleadingto atri–diagonalform, theresultingtransformations,if thoughtof asintegral
transformations,endup with “kernels”thatarenot even �nite. We show how to selectthe target
systemsothatthethekernelis boundedandthesolutionscorrespondingto thecontrolledproblem
areat leastcontinuous.

Equation considered. Theequationconsideredin thispaperis

ut(x;t) = euxx(x;t) + l (x) u(x;t) ; x 2 (0;1); t > 0; (1.1)

wheree is a positive constantandl (x) 2 L¥ (0;1), with initial conditionu(x;0) = u0 (x), for x 2
[0;1]. Theboundaryconditionat x = 0 is homogeneousDirichlet,

u(0;t) = 0; t > 0; (1.2)

andtheboundaryconditionat theotherend,

u(1;t) = a (u(t)) ; t > 0; (1.3)

is usedasthecontrolinput,wherea is a linearoperatorto bedesignedto achievestabilization(the
controllaw). For l (x) � 0 theopenloopsystem(whena (u(t)) � 0) is theheatequation,which is
asymptoticallystable.However, it is unstableif ` = minx2[0;1] l (x) is large. Thegrowth boundof
theuncontrolledsystemis at leastw0 = ` � ep2.

The physical motivation for consideringequation(1.1) is that it representsthe linearization
of the classof reaction–diffusion equationsthat modelmany physical phenomena.An example
is the problemof compressorrotatingstall for which the most recentmodeldue to Mezic [19]
is ut = euxx + u� u3, whoselinearizationis (1.1) with l (x) � 1. TheDirichlet boundarycontrol
problemthatwearepursuingherecorrespondsto actuationvia air injectionononly asmallinterval
of thecompressorannulus.Control via air injectorsdistributedalongtheentireannuluswas�rst
reportedin [3].

Weuseabacksteppingmethodfor the�nite differencesemi–discretizedapproximationof (1.1)
to derive a boundaryfeedbackcontrol law thatmakesthein�nite dimensionalclosedloop system
stablewith an arbitraryprescribedstability margin. We show that the integral kernel in the con-
trol law residesin the function spaceL¥ (0;1) andthat solutionscorrespondingto the controlled
problemareclassical.

Prior work. The problemof boundaryfeedbackstabilizationof generalparabolicequationsis
not new. In dimensionhigher than one Triggiani [30] and Lasiecka[23] considereda general
framework for the structuralassignmentof eigenvaluesin parabolicproblemsthroughthe useof
semigrouptheory. In their approachthe openloop systemis separatedinto a �nite dimensional
unstablepart and an in�nite dimensionalstablepart. They appliedfeedbackcontrol that stabi-
lizestheunstablepartwhile leaving thestablepartstable.A uni�ed treatmentof bothinterior and
boundaryobservations/controlgeneralizedto semilinearproblemscanbefoundin [2]. Nambu [27]
developedauxiliary functionalobserversto stabilizediffusionequationsusingboundaryobserva-
tion andfeedback.Stabilizabilityby boundarycontrolin theoptimalcontrolsettingis discussedby
Bensoussanet al. [4]. For thegeneralPritchard–Salamonclassof state–spacesystemsa number
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of frequency–domainresultshasbeenestablishedon stabilizationduringthelastdecade(see,e.g.
[15] and[26] for a survey). While theseapproachesgive an answerto our stabilizationproblem
in principle,oursoffersanimplementable,closed–formsolutionthatavoidstheadditionalstepsof
estimatingeigenfunctionsor solvingoperatorRiccatiequations,which areformidabletasksin the
casewhenl (x) is notaconstant.

Thestabilizationproblemcanbealsoapproachedusingtheabstracttheoryof boundarycontrol
systemsdevelopedby Fattorini [17] asdescribedin [16, Section3.3 andExercise5.25] andused
in papersby Curtainandcoworkers in the 1980's (e.g., [14]). While this approachresultsin a
mathematicallysimple problemformulation, it has the disadvantageof producinga dynamical
feedbackasa resultof thearti�cial statespaceintroduced(seeremarksin [16, Section3.5]).

Ourwork is relatedto Burns,King andRubio[9]. They alreadydiscoveredtheretheapplicabil-
ity of boundarycontrolsin theform of integraloperators.Their resultis quitedifferentbecausethe
controlobjective is different(theirsis LQR optimalcontrol,oursis stabilization),andtheirplantis
open–loopstablebut thespatialdomainis of dimensionhigherthanours.Nonethelessthetechnical
problemof proving someregularityof thegainkerneltiesthetwo resultstogether. In thepaper[9]
numericalevidenceis presentedthatsuggeststhat thegain kernelis anL2 functionwith compact
supportconcentratedneartheboundary. Weprovetheexistenceof anon–smoothbut bounded(L¥ )
gainkernel.

Backsteppingwas appliedto PDEsin [13, 25, 7] but in settingswith only a �nite number
of steps. An approachfor control of a fairly broadclassof nonlinearparabolicPDEsbasedon
approximateinertialmanifoldswasdevelopedby Christo�des[11, 12].

Organization. Thispaperis organizedasfollows. In Section2 weformulateourproblemandits
discretizationandwe lay outourstrategy for thesolutionof thestabilizationproblem.Theprecise
formulationof our main theoremis containedin Section3. In Lemma1 of Section4 we design
a coordinatetransformationfor a semi–discretizationof our systemwhich mapsit into an expo-
nentiallystablesystem.We show in Lemma2 that thediscretecoordinatetransformationremains
uniformly boundedasthegrid getsre�ned andhenceit convergesto acoordinatetransformationof
thein�nite dimensionalsystem.TheregularityCw ([0;1] ;L¥ (0;1)) of thetransformationis estab-
lishedin Lemma3. Thestability of thein�nite dimensionalcontrolledsystemis shown in Lemma
4 completingtheproofof ourmaintheorem.Finally wepresentnumericalsimulationsin Section5
showing, besidestheeffectivenessof our control,thatreducedversionsof thecontrollerstabilizes
thein�nite dimensionalsystemaswell.

2 Moti vation

Thesemi–discretizedversionof system(1.1)–(1.3)usingcentraldifferencingin spaceis the�nite
dimensionalsystem:

u0 = 0; (2.1)

�ui = e
ui+ 1 � 2ui + ui� 1

h2 + l iui ; i = 1; : : : ;n; (2.2)

un+ 1 = an (u1;u2; : : : ;un) ; (2.3)
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wheren 2 N, h = 1
n+ 1 andui = u(ih;t), l i = l (ih) for i = 0; : : : ;n+ 1. With un+ 1 ascontrol,this

systemis in thestrict–feedbackform andhenceit is readilystabilizableby, for examplebackstep-
ping,or by transformingthesysteminto theBrunovsky form andapplyingpoleplacement,i.e.,by
“feedbacklinearization.” However thesenaivecontrollawswouldhavegainsthatgrow unbounded
asn ! ¥ .

Theproblemwith standardbacksteppingandfeedbacklinearizationis thatthey wouldnotonly
attemptto stabilizethe equation,but also placeall of its poles,and thus as n ! ¥ , changeits
paraboliccharacter. Indeed,anin�nite dimensionalversionof theBrunovsky form or thetridiago-
nal form in backsteppingarenotparabolic.Ourapproachwill beto transformthesystem,but keep
its paraboliccharacter, i.e.,keepthesecondspatialderivative in thetransformedcoordinates.

Towardsthisend,westartwith a �nite dimensionalbackstepping–stylecoordinatetransforma-
tion

w0 = u0 = 0; (2.4)

wi = ui � a i� 1 (u1; : : : ;ui� 1) ; i = 1; : : : ;n; (2.5)

wn+ 1 = 0; (2.6)

for thediscretizedsystem(2.1)–(2.3),andseekthe functionsa i suchthat the transformedsystem
hastheform

w0 = 0; (2.7)

�wi = e
wi+ 1 � 2wi + wi� 1

h2 � cwi ; i = 1; : : : ;n; (2.8)

wn+ 1 = 0: (2.9)

The�nite dimensionalsystem(2.7)-(2.9)is thesemi–discretizedversionof thein�nite dimensional
system

wt(x;t) = ewxx(x;t) � cw(x;t); x 2 (0;1); t > 0; (2.10)

with boundaryconditions

w(0;t) = 0; (2.11)

w(1;t) = 0; (2.12)

which is exponentiallystablefor c > � ep2.
Thebacksteppingcoordinatetransformationis obtainedby combining(2.1)–(2.3),(2.4)–(2.6)

and(2.7)–(2.9)andsolvingtheresultingsystemfor thea i 's. Weobtaintherecursive form

a i =
1
e

�
2e+ ch2�

a i� 1 � a i� 2 �
h2

e
(l i + c) ui +

¶ai� 1

¶u1

�
u2 � 2u1 +

1
e

h2l 1u1

�

+
i� 1

å
j= 2

¶ai� 1

¶u j

�
u j+ 1 � 2u j + u j � 1 +

1
e

h2l ju j

�
; (2.13)

for i = 1; : : : ;n with initial valuesa0 = a � 1 = 0. Writing thea i 's in thelinearform

a i =
i

å
j= 1

ki; ju j ; i = 1; : : : ;n (2.14)
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andperformingsimplecalculationsweobtainthegeneralrecursive relationship

ki;1 =
h2

e
(c+ l 1) ki� 1;1 � ki� 2;1 + ki� 1;2 ; (2.15)

ki; j =
h2

e

�
c+ l j

�
ki� 1; j + ki� 1; j � 1 + ki� 1; j+ 1 � ki� 2; j ; j = 2; : : : ; i � 2; (2.16)

ki;i� 1 =
h2

e
(c+ l i� 1) ki� 1;i� 1 + ki� 1;i� 2 ; (2.17)

ki;i = ki� 1;i� 1 �
h2

e
(c+ l i) : (2.18)

for i = 3; : : : ;n with initial conditions

k1;1 = �
h2

e
(c+ l 1) ; (2.19)

k2;1 = �
h4

e2 (c+ l 1)2 ; (2.20)

k2;2 = �
�

h2

e
(c+ l 1) +

h2

e
(c+ l 2)

�
; (2.21)

k3;1 = �
h6

e3 (c+ l 1)3 �
h2

e
(c+ l 2) ; (2.22)

k3;2 = �
h2

e
(c+ l 2)

�
h2

e
(c+ l 1) +

h2

e
(c+ l 2)

�
�

h4

e2 (c+ l 1)2 ; (2.23)

k3;3 = �
�

h2

e
(c+ l 1) +

h2

e
(c+ l 2) +

h2

e
(c+ l 3)

�
: (2.24)

For thesimplecasewhenl (x) � l = constant,equations(2.15)–(2.24)canbesolvedexplicitly to
obtain

ki;i� j = �
�

i
j + 1

�  
(c+ l )

e(n+ 1)2

! j+ 1

� (i � j)
[ j=2]

å
l= 1

1
l

�
j � l
l � 1

� �
i � l
j � 2l

�  
(c+ l )

e(n+ 1)2

! j � 2l+ 1

(2.25)
for i = 1; : : : ;n, j = 1; : : : ; i.

Regardingthein�nite dimensionalsystem(1.1)–(1.3),thelinearity of thecontrol law in (2.14)
suggestsastabilizingboundaryfeedbackcontrolof theform

a (u) =
Z 1

0
k(x) u(x) dx; (2.26)

wherethefunctionk(x) is obtainedasa limit of
�

(n+ 1) kn; j
	 n

j= 1 asn ! ¥ . Fromthecomplicated
expression(2.25) it is not clearif suchlimit exists. A quick numericalsimulation(seeFigure1)
showsthatthecoef�cients

�
(n+ 1) kn; j

	 n
j= 1 remainboundedbut it alsoshowstheiroscillation,and

increasingn only increasestheoscillation(seeFigure2). Clearly, thereis no hopefor pointwise
convergenceto a continuouskernelk(x). However, aswe will seein the next sections,thereis
weak*convergencein L¥ aswegofrom the�nite dimensionalcaseto thein�nite dimensionalone.
As a result,weobtainasolutionto ourstabilizationproblem(1.1)–(1.3).
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Figure1: Oscillationof theapproximatingkernelfor n = 50, l = 17,e= 1, c = 0.
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3 Main Result

As we statedearlier, we usea backsteppingschemefor thesemi–discretized�nite differenceap-
proximationof system(1.1)–(1.3),(2.26) to derive a linear boundaryfeedbackcontrol law that
makesthein�nite dimensionalclosedloopsystemstablewith anarbitraryprescribedstabilitymar-
gin. Thepreciseformulationof ourmainresultis givenby thefollowing theorem.

Theorem1. For anyl (x) 2 L¥ (0;1) ande; c > 0 thereexistsa functionk 2 L¥ (0;1) such that for
anyu0 2 L¥ (0;1) theuniqueclassicalsolutionu(x;t) 2 C1

�
(0;¥ ) ;C2 (0;1)

�
of system(1.1)–(1.3),

(2.26) is exponentiallystablein theL2 (0;1) andmaximumnormswith decayratec. Theprecise
statementsof stability propertiesare thefollowing: There existsa positive constantMa such that
for all t > 0

ku(t)k � M ku0ke� ct (3.1)

and
max

x2[0;1]
ju(t;x)j � M sup

x2[0;1]
ju0 (x)j e� ct : (3.2)

Remark 1. For a given integral kernel k 2 L¥ (0;1) the existenceand regularity resultsfor the
correspondingsolutionu(x;t) follows from trivial modi�cationsin theproofof [24, Thm4.1]. See
also[18]. �

4 Proof of Main Result

As it wasalreadymentionedin theintroduction,theproofof Theorem1 requiresfour lemmas.

Lemma 1. Theelementsof thesequence
�

ki; j
	

de�nedin (2.15)–(2.24)satisfy

�
�ki;i� j

�
� �

�
i

j + 1

� �
h2

e
(l + c)

� j+ 1

+ (i � j)
[ j=2]

å
l= 1

1
l

�
j � l
l � 1

� �
i � l
j � 2l

� �
h2

e
(l + c)

� j � 2l+ 1

(4.1)
where l = maxx2[0;1] jl (x)j :

Remark 2. Thereis equalityin (4.1) whenl (x) � l = constant with a minussign replacingthe
absolutevaluesign. �

Proof. Theright handsideof equations(2.19)–(2.24)canbeestimatedto obtainestimatesfor the

aM growswith c, l and1=e.
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initial valuesof k's

jk1;1j �
h2

e
(c+ l ) ; (4.2)

jk2;1j �
h4

e2 (c+ l )2 ; (4.3)

jk2;2j � 2
h2

e
(c+ l ) ; (4.4)

jk3;1j �
h6

e3 (c+ l )3 +
h2

e
(c+ l ) ; (4.5)

jk3;2j � 3
h4

e2 (c+ l )2 ; (4.6)

jk3;3j � 3
h2

e
(c+ l ) : (4.7)

We thengo from j = i backwardsto obtainfrom (2.18)

jki;i j � i
h2

e
(c+ l ) ; (4.8)

jki;i� 1j �
i (i � 1)

2
h4

e2 (c+ l )2 : (4.9)

Finally we obtaininequality(4.1)of Lemma1 usingthegeneralidentity (2.16)andmathematical
induction.

In orderto prove that the�nite dimensionalcoordinatetransformation(2.4), (2.5), (2.14)con-
vergesto an in�nite dimensionalonethat is well–de�ned, we show the uniform boundednessof
(n+ 1) ki; j with respectto n 2 N asi = 1; : : : ;n, j = 1; : : : ; i. Note that the binomial coef�cients
of equation(4.1)aremonotoneincreasingin i andhenceit is enoughto show theboundednessof
terms(n+ 1)

�
�kn;n� j

�
� . Also, we introducenotations

E =
l + c

e
(4.10)

and
q =

j
n

2 [0;1] ; (4.11)

sothatwecanwrite
h2

e
(c+ l ) =

E

(n+ 1)2 (4.12)

and
�
�kn;n� j

�
� =

�
�kn;n� qn

�
�

�
�

n
qn+ 1

�  
E

(n+ 1)2

! qn+ 1

+ (n� qn)
[qn=2]

å
i= 1

1
i

�
qn� i
i � 1

� �
n� i

qn� 2i

�  
E

(n+ 1)2

! qn� 2i+ 1

(4.13)
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Lemma 2. Thesequence
�

(n+ 1) kn; j
	

j= 1;:::;n; n� 1 remainsboundeduniformlyin n and j asn! ¥ .

Proof. Wecanwrite, accordingto (4.13),

(n+ 1)
�
�kn;n� qn

�
� � (n+ 1)

�
n

qn+ 1

�  
E

(n+ 1)2

! qn+ 1

+ (n+ 1) (n� qn)
[qn=2]

å
l= 1

1
l

�
qn� l
l � 1

� �
n� l

qn� 2l

�  
E

(n+ 1)2

! qn� 2l+ 1

:(4.14)

The�rst termin (4.14)canbeestimatedas

(n+ 1)
�

n
qn+ 1

�  
E

(n+ 1)2

! qn+ 1

� (n+ 1)qn+ 2
�

E
n+ 1

� qn E

(n+ 1)qn+ 2

� E
�

E
n

� qn

� EeE=e; (4.15)

wherethelastline shows thattheboundis uniform in n andalsoin q.
In thefollowing stepswewill usethesimpleinequalities

(n� l )!
(n� qn+ l)!

�
n

n� qn+ 2l
n� 1

n� qn+ 2l � 1
� � �

n� l + 1
n� qn+ l + 1

(n� l )!
(n� qn+ l)!

=
n!

(n� qn+ 2l)!
(4.16)

and

(qn� l )!
l ! (qn� 2l + 1)!

�
1

n+ 1

� qn� 2l

� q (4.17)

with thisweobtain

(n+ 1) (n� nq)
[qn=2]

å
l= 1

1
l

�
qn� l
l � 1

� �
n� l

qn� 2l

�  
E

(n+ 1)2

! qn� 2l+ 1

� E
(n+ 1) n

(n+ 1)2

[qn=2]

å
l= 1

(qn� l )!
l ! (qn� 2l + 1)!

�
1

n+ 1

� qn� 2l n!
(qn� 2l )! (n� qn+ 2l)!

�
E

n+ 1

� qn� 2l

� Eq
nq

å
s= 1

�
n
s

� �
E
n

� s

1n� s

� Eq
�

1+
E
n

� nq

� EeE :

Herein thelaststepweusedthefactthattheconvergence
�
1+ E

n

� n n! ¥� � � ! eE is monotoneincreasing
andq 2 [0;1]. Thisprovesthelemma.
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As a resultof theaboveboundedness,weobtainasequenceof piecewiseconstantfunctions

kn (x;y) = (n+ 1)
n

å
i= 1

i

å
j= 1

ki; jcIi; j (x;y) ; (x;y) 2 [0;1] � [0;1] ; n � 1; (4.18)

where

Ii; j =
�

i
n+ 1

;
i + 1
n+ 1

�
�

�
j

n+ 1
;

j + 1
n+ 1

�
; j = 1; : : : ; i; i = 1; : : : ;n; n � 1: (4.19)

The sequence(4.18) is boundedin L¥ ([0;1] � [0;1]). The spaceL¥ ([0;1] � [0;1]) is the dual
spaceof L1 ([0;1] � [0;1]) hence, it has a correspondingweak*–topology. Since the space
L1 ([0;1] � [0;1]) is separable,it follows now by Alaoglu's theorem,see,e.g. [21, pg. 140]
or [28, Theorem6.62], that (4.18) converges in the weak*–topologyto a function k̃(x;y) 2
L¥ ([0;1] � [0;1]). The uniform in p 2 N weak convergence in each Lp ([0;1] � [0;1]) �
L¥ ([0;1] � [0;1]), immediatelyfollows.

Remark 3. Alternatively, usingtheEberlein–Shmulyantheoremsee,e.g.,[32, pg. 141],one�nds
that(4.18)hasaweeklyconvergentsubsequencein eachLp ([0;1] � [0;1]) spacefor 1< p< ¥ with
Lp–normsboundeduniformly in p. Using diagonalprocesswe choosea subsequencem(n) 2 N
suchthat

�
km(n) (x;y)

	
n� 1

convergesweakly to the samefunction k̃(x;y) in eachof the spaces

Lp ([0;1] � [0;1]), p 2 N. The function k̃(x;y) alongwith
�

km(n) (x;y)
	

n� 1
is uniformly bounded

in all theseLp–spaceswith thesameboundfor all p 2 N. �

Remark 4. In the caseof constantl we have equality in (4.1). The right handside is strictly
monotoneincreasingin i, which resultsin k̃ 2 C([0;1] ;L¥ (0;1)). �

Lemma 3. Themapk̃ : [0;1] ! L¥ (0;1) is weaklycontinuous.

Proof. Fromtheuniformboundednessin i of (4.1)weobtainthat
[nx]

å
j= 1

k[nx]; ju j =
[nx]

å
j= 1

�
(n+ 1) k[nx]; j

�
u j

1
n+ 1

n! ¥� � � !
Z x

0
k̃(x;x) u(x) dx 8u2 L1 (0;1) ; 8x2 [0;1] :

(4.20)
Here[nx] denotesthelargestintegernotlargerthannxandtheconvergenceis uniformin x, meaning
thatfor all e> 0 thereexistsN(e) 2 N suchthat

�
�
�
�
�

Z x

0
k̃(x;x) u(x) dx �

[nx]

å
j= 1

k[nx]; ju j

�
�
�
�
�
< e 8x 2 [0;1] ; 8n > N:

For anarbitraryx 2 [0;1] wenow �x ann > N(e=2) andchoosead > 0 suchthat[nx] = [n(x+ d)].
Weobtain �

�
�
�

Z 1

0
k̃(x;x) u(x) dx �

Z 1

0
k̃(x+ d;x) u(x) dx

�
�
�
�

�

�
�
�
�
�

Z x

0
k̃(x;x) u(x) dx �

[nx]

å
j= 1

k[nx]; ju j

�
�
�
�
�
+

�
�
�
�
�

[nx]

å
j= 1

k[nx]; ju j �
[n(x+ d)]

å
j= 1

k[n(x+ d)]; ju j

�
�
�
�
�

+

�
�
�
�
�

[n(x+ d)]

å
j= 1

k[n(x+ d)]; ju j �
Z x+ d

0
k̃(x+ d;x) u(x) dx

�
�
�
�
�

< e=2+ 0+ e=2 = e (4.21)
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whichprovestheweakcontinuity, i.e.

k̃ 2 Cw ([0;1] ;L¥ (0;1)) : (4.22)

Thefollowing lemmashowshow normschangeundertheabove transformation.

Lemma 4. Supposethattwofunctionsw(x) 2 L¥ (0;1) andu(x) 2 L¥ (0;1) satisfytherelationship

w(x) = u(x) �
Z x

0
k̃(x;x) u(x) dx 8x 2 [0;1] ; (4.23)

where
k̃ 2 Cw ([0;1] ;L¥ (0;1)) : (4.24)

Thenthereexist positiveconstantsmandM, whosesizesdependonlyon k̃, such that

mkwk¥ � kuk¥ � M kwk¥

and
mkwk � kuk � M kwk :

Proof. Clearly
kwk¥ �

�
1+




 k̃






¥

�
kuk¥ : (4.25)

Let uschooseapositiveconstant

d = min
�

1;1=
�
2




 k̃






¥

�	
(4.26)

sothatd



 k̃






¥ < 1=2, andlet usdenote

kuk¥ ;id = esssup
x2[(i� 1)d;id]

ju(x)j i = 1; : : : ;
�

1
d

�
(4.27)

andfor Nd = [1=d]+ 1
kuk¥ ;Ndd = esssup

x2[(Nd� 1)d;1]
ju(x)j (4.28)

which is zeroin thespecialcasewhen1=d is aninteger. Wehave that

kuk¥ �
Nd

å
i= 1

kuk¥ ;id � Ndkuk¥ : (4.29)

Wehave, from (4.23)

kuk¥ ;1d � kwk¥ ;1d + dkuk¥ ;1d




 k̃






¥ (4.30)

andthen
kuk¥ ;1d �

1
1� d




 k̃






¥

kwk¥ ;1d : (4.31)
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Similarly

kuk¥ ;2d � kwk¥ ;2d +
Z 2d

0

�
� k̃(x;x) u(x;t)

�
� dx

� kwk¥ ;2d + d



 k̃






¥ kuk¥ ;1d + d



 k̃






¥ kuk¥ ;2d (4.32)

andfrom here

kuk¥ ;2d �
1

1� d



 k̃






¥

 

kwk¥ ;2d +
d




 k̃






¥

1� d



 k̃






¥

kwk¥ ;1d

!

=
1

1� d



 k̃






¥

kwk¥ ;2d +
d




 k̃






¥�
1� d




 k̃






¥

� 2 kwk¥ ;1d : (4.33)

Similarly

kuk¥ ;3d � kwk¥ ;3d +
Z 3d

0

�
� k̃(x;x) u(x;t)

�
� dx

= kwk¥ ;3d +
Z d

0

�
� k̃(x;x) u(x;t)

�
� dx+

Z 2d

d

�
� k̃(x;x) u(x;t)

�
� dx+

Z 3d

2d

�
� k̃(x;x) u(x;t)

�
� dx

� kwk¥ ;3d + d



 k̃






¥ kuk¥ ;1d + d



 k̃






¥ kuk¥ ;2d + d



 k̃






¥ kuk¥ ;3d (4.34)

resultingin

kuk¥ ;3d �
1

�
1� d




 k̃






¥

�
�

kwk¥ ;3d + d



 k̃






¥ kuk¥ ;1d + d



 k̃






¥ kuk¥ ;2d

�

�
1

1� d



 k̃






¥

kwk¥ ;3d +
d




 k̃






¥�
1� d




 k̃






¥

� 2 kwk¥ ;1d

+
d




 k̃






¥�
1� d




 k̃






¥

� 2 kwk¥ ;2d +

�
d




 k̃






¥

� 2

�
1� d




 k̃






¥

� 3 kwk¥ ;1d ;

=
1

1� d



 k̃






¥

kwk¥ ;3d +
d




 k̃






¥�
1� d




 k̃






¥

� 3 kwk¥ ;1d +
d




 k̃






¥�
1� d




 k̃






¥

� 2 kwk¥ ;2d (4.35)

andby induction

kuk¥ ;id �
1

1� d



 k̃






¥

kwk¥ ;id + d



 k̃






¥

i� 1

å
j= 0

kwk¥ ; jd
1

�
1� d




 k̃






¥

� i� j+ 1 (4.36)

for i = 1; : : : ;Nd with the conventionthat kwk¥ ;0d = 0. Using the de�nition of d we obtainfrom
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inequality(4.36)that

kuk¥ �
Nd

å
i= 1

kuk¥ ;id

�
1

1� d



 k̃






¥

Nd

å
i= 1

kwk¥ ;id + d



 k̃






¥

Nd

å
i= 1

i� 1

å
j= 0

kwk¥ ; jd
1

�
1� d




 k̃






¥

� i� j+ 1

� 2Ndkwk¥ +
Nd� 1

å
j= 1

kwk¥ ; jd

Nd

å
i= j+ 1

2i� j

= 2Ndkwk¥ +
Nd� 1

å
j= 1

kwk¥ ; jd

�
2Nd� j+ 1 � 2

�

� 2NdNdkwk¥ (4.37)

Inequality(4.25)togetherwith (4.37)resultsin therelationship

1
1+




 k̃






¥

kwk¥ � kuk¥ � 2NdNdkwk¥ : (4.38)

For theL2–normstheinequality

1
1+




 k̃




 kwk � kuk � 2Nd

p
Ndkwk (4.39)

canbeprovenin asimilarway. Taking

m=
1

1+



 k̃






¥

(4.40)

and
M = 2NdNd (4.41)

weobtainthestatementof thelemma.

Proofof Theorem1. We now completetheproof of Theorem1 by combiningtheresultsof Lem-
mas1–4.In Lemma1 wederivedacoordinatetransformationthattransformsthe�nite dimensional
system(2.1)–(2.3)into the�nite dimensionalsystem(2.7)–(2.9).As aresultof theuniformbound-
ednessof thetransformation(shown in Lemma2) weobtainedthecoordinatetransformation(4.23)
that transformsthe unstableheatequation(1.1) with zeroDirichlet boundaryconditionsinto the
stableheatequation(2.10)–(2.12). Due to the weakcontinuity proven in Lemma3 the in�nite
dimensionalcoordinatetransformationresultsin thespeci�c boundarycondition

u(1;t) = a (u) =
Z 1

0
k(x) u(x;t) dx; (4.42)

where
k(x) = k̃(1;x) ; x 2 [0;1] (4.43)
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with k 2 L¥ (0;1).
It is importantto notethat the function k(x) is not necessarilysmooth,not even continuous.

Thisnon–smoothnesscanbeseennumericallyin Figure5 andanalyticallywhenweconsiderk(x)
as the limit of its �nite differenceapproximation

�
(n+ 1) kn; j

	
j= 1;:::;n;n� 1. For examplefor the

casel (x) � l > 0 wehave from (2.18)

lim
n! ¥

(n+ 1) kn;n = �
(l + c)

e
; (4.44)

which is anegativeconstant,while (2.17)providesuswith

lim
n! ¥

(n+ 1) kn;n� 1 = 0: (4.45)

Theconvergencein Sobolev spacesW2;1
2 (see,e.g. [1]) of the�nite differenceapproximations

obtainedfrom (2.1)–(2.3)and(2.7)–(2.9)to thesolutionsof (1.1)–(1.3)and(2.10)–(2.12)respec-
tively is obtainedusinginterpolationtechniques(see,e.g. [5].) UsingGreen's functionand�x ed
pointmethodasit wasdonein [24], weseethatsolutionsto (1.1)–(1.3),(4.42)are,in fact,classical
solutions. The well known (see,e.g. [10]) stability propertiesof solutionw to the heatequation
(2.10)–(2.12)alongwith Lemma4 provesthestability statementsof Theorem1.

5 Numerical Demonstration

In accordancewith thederivationof our controlwe usea secondorder�nite differenceschemein
ournumericalsimulations.In spacethediscretizationisexactlytheoneusedin theprevioussection.
Thetimediscretizationis basedonalow–storage,threetimestep,third–orderRunge–Kutta/Crank–
Nicolsonscheme(see[29]). Considersystem(1.1)–(1.3)with l (x) � l = 17, e = 0:1 andwith
initial condition u0 (x) = � 0:01e6:7xsin8px. In this casethe numberof unstableeigenvaluesis
4 and the growth boundof the openloop systemis w0 � 16 (seeFigure3). Using the method
developedin Lemma1 we obtainfor c = 1, n = 400 a kernelfunctionk(x) � kn(x) displayedin
Figure4. For a smallervalueof e Figures1 and2 of Section2 alreadyshowed theoscillationof
thefunctionkn (x). This tellsusthatthelimiting kernelfunctionk(x) is notcontinuous.Dueto the
high growth bound(w0 � 16) of theopenloop systemin thepresentcasethegain valuesarequite
high andhencesimilar oscillationcanbeseenonly afterenlarging somepartof functionkn (x) in
Figure5. As Figures6 and7 show, theobtainedcontroleffectively stabilizessystem(1.1)–(1.3).
Next, we keepthe high resolution(n = 400) in the discretizationof (1.1) but reducethe number
of pointsnk usedin the feedbackcontrol (1.3) with still uniformly distributedobservation points

xk =
k

nk + 1
, k = 1; : : : ;nk. As Figure8 shows, the casenk = 100 virtually agreeswith the “full”

observationcasenk = 400. By increasingthe resolutionin the �nite differenceapproximationof
thesystemto n = 1000anddt = 10� 5 we wereableto decreasethenumberof observationpoints
down to nk = 5 beforelosingthestabilizingeffect.

Remark 5. 1. By increasingn furtherabove1000it shouldbepossibleto reducenk to 4.

2. Anotherpossiblewayto reducethenumberof measurementsevenbelow thevery low nk = 5
is to usea low–dimensionalobserverbasedonGalerkin's methodasin [12].
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3. We useequispacedobservation points in the derivation of the kernel function k(x). Even
thoughnumericallythis is not necessarilythemostoptimalchoice,it is a choicethatallows
to establishregularityof thekernelandof theclosed–loopPDEsystem.

�
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