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Abstract

We considerfeedbackransformationsf the backstepping/feddck linearizationtypethat
have beenprevalentin nite dimensionahonlinearstabilization and,with the objectie of ulti-
matelyaddressingonlinealPDE's,generatehe rst suchtransformationfor alinearPDEthat
canhave anarbitrary nite numberof open-loopunstablesigetvalues. Thesetransformations
have theform of recursve relationshipsaandthefundamentadlif culty is thattherecursiorhas
anin nite numberof iterations.Naive versionof backsteppindeadto unboundedoefcients
in thosetransformations.We shav how to designthemsuchthatthey are sufciently regu-
lar (not continuoushut Ly ). We thenestablishclosed—loostability, regularity of control,and
regularity of solutionsof the PDE.

1 Intr oduction

Motivation. In nite dimensionsstabilizationproblemsfor nonlinearsystemsare today most
commonlysolved usingthe methodsof feedbacHinearization[20] andbackstepping22]. These
methodsapplydiffeomorphiccoordinatdransformationshatput the systemequationsn theform
wherethe stabilizationproblembecomeseasy(the control input hasaccesdo all the nonlinear
ities). The differencebetweenthe two methodsis that feedbackiinearizationwas inventedfor
systemawith perfectmodels,while backsteppinggevelopedlater, allows some e xibility to deal
with systemghat containperturbationsdisturbancesandunmodeledlynamics.For the majority
of nonlinearsystemghesearenot only the mostpopularbut the only stabilizationmethodsavail-
able. It is thereforenaturalthat, in attemptingto solve stabilizationproblemsfor a broaderclass
of in nite dimensionahonlinearsystemspne rst hopesthatfeedbacKinearizationor backstep-
ping cansomehav be extendedto in nite dimensions.Unfortunately the chanceghat a simple
solutionto this problemexistsareextremelyslim. It is enougho look atwhatthecoordinatdrans-
formationsin feedbacHKinearizationandbacksteppingnvolve (repeatedifferentiationof system
nonlinearitiescombinedwith arithmeticoperation®onthem)to realizethatif suchproceduresake
anin nite numberof stepsthey will resultin very problematicnonlinearoperatordor coordinate
transformationsandalsofor controllaws. This doesnot meanthatproving somedesirablgproper
tiesfor thosetransformationss impossible—itis justthat,if possiblejt will behighly nontrivial.

Becauseof potential signi cance of feedbacklinearizationand backsteppingor nonlinear
in nite—dimensionakystemsit is well worth startingthe studyof thesemethodsnlinearin nite—
dimensionakystems.It turnsout that performingtheserecursve proceduresn in nitely mary
stepsis nontrivial evenfor linearsystems.The rst stepin this directionwasmadeby Boskovic
andKrstic [6] who consideredhe sameequationasin this paper(to be introducedbelow) but
with parametersestrictedsothatthe numberof open—loopunstablesigervaluesis no greaterthan
one. In this limited casethey derived a closed—formandsmoothcoordinateransformatiorbased
on backstepping.This resultis peculiarto the mild level of open—loopnstability and cannotbe
extendedo the sameequationwith anarbitrarylevel of instability. We stresghatallowing anar
bitrary level of instability is thewhole pointhere.In nite dimensiondacksteppingandealwith
systemswvhereactuallyall the eigervaluesare unstable(and furthermorewith nite—escapetype
instabilities).

Themethodwe presenthererevealsakey issuefor nding backsteppingontrolsfor arbitrarily
unstabldinear parabolicPDE systems.This key issueis the target systemto which oneis trans-
forming the original systemby coordinatetransformation.For example,if onetakesthe standard
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feedbacKinearizationrouteleadingto the Brunovsky canonicalform, or eventhe standardack-
steppingouteleadingto atri—-diagonaform, theresultingtransformationsf thoughtof asintegral
transformationsendup with “kernels”thatarenot even nite. We shav how to selectthe tamget
systemsothatthethekernelis boundedandthe solutionscorrespondingo the controlledproblem
areatleastcontinuous.

Equation considered. Theequationconsideredn this paperns
W Xt euxXxt | xuxt x 01 t O (1.1)

wheree is a positive constantandl x Ly 0 1, with initial conditionu x 0 ug X , for x
0 1. Theboundaryconditionatx 0is homogeneouBirichlet,

uot 0 t O (1.2)
andtheboundaryconditionatthe otherend,
ult awut t O (1.3)

is usedasthecontrolinput, wherea is alinearoperatotto be designedo achieve stabilization(the
controllaw). Forl x  Otheopenloop system(whena u t 0) istheheatequationwhichis
asymptoticallystable.However, it is unstablef min, o1 | X islarge. Thegrownth boundof
theuncontrolledsystemis atleastwyg ep?.

The physicalmotivation for consideringequation(1.1) is thatit representshe linearization
of the classof reaction—difusion equationghat modelmary physicalphenomenaAn example
is the problemof compressorotating stall for which the mostrecentmodel due to Mezic [19]
isu el U u, whoselinearizationis (1.1)with | x 1. TheDirichlet boundarycontrol
problemthatwe arepursuingherecorrespondgo actuatiorvia air injectionon only asmallinterval
of the compressoannulus.Controlvia air injectorsdistributedalongthe entireannuluswas rst
reportedn [3].

We usea backsteppingnethodfor the nite differencesemi—discretizedpproximatiorof (1.1)
to derive a boundaryfeedbackcontrollaw thatmakesthein nite dimensionaklosedloop system
stablewith an arbitraryprescribedstability magin. We shaw thatthe integral kernelin the con-
trol law residesn the functionspacelLy 0 1 andthatsolutionscorrespondingdo the controlled
problemareclassical.

Prior work. The problemof boundaryfeedbackstabilizationof generalparabolicequationds
not new. In dimensionhigherthanone Triggiani [30] and Lasiecka[23] considereda general
framework for the structuralassignmenof eigervaluesin parabolicproblemsthroughthe useof
semigrouptheory In their approactthe openloop systemis separatednto a nite dimensional
unstablepart and anin nite dimensionalstablepart. They appliedfeedbackcontrol that stabi-
lizestheunstablepartwhile leaving the stablepartstable.A uni ed treatmenbf bothinteriorand
boundaryobsenations/controbgeneralizedo semilineaproblemscanbefoundin [2]. Namhu [27]
developedauxiliary functionalobserersto stabilizediffusion equationaisingboundaryobsenra-
tion andfeedback Stabilizabilityby boundarycontrolin the optimalcontrolsettingis discussedby
Bensoussaet al. [4]. For the generalPritchard—Salamoalassof state—spaceystemsa number
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of frequeng—domainresultshasbeenestablishean stabilizationduringthe lastdecaddgseee.g.
[15] and[26] for a surwey). While theseapproachegive an answerto our stabilizationproblem
in principle,oursoffersanimplementableclosed—formsolutionthatavoidsthe additionalstepsof
estimatingeigenfunction®r solving operatorRiccatiequationsyhich areformidabletasksin the
casewhenl x isnotaconstant.

Thestabilizationproblemcanbealsoapproachedsingtheabstractheoryof boundarycontrol
systemddevelopedby Fattorini[17] asdescribedn [16, Section3.3 andExercise5.25]andused
in papersby Curtainand coworkersin the 19805 (e.g.,[14]). While this approactresultsin a
mathematicallysimple problemformulation, it hasthe disadwantageof producinga dynamical
feedbackasaresultof thearti cial statespacantroducedseeremarksn [16, Section3.5]).

Ourwork is relatedto Burns,King andRubio[9]. They alreadydiscoveredtheretheapplicabil-
ity of boundarycontrolsin theform of integral operatorsTheirresultis quitedifferentbecausé¢he
controlobjectiveis different(theirsis LQR optimalcontrol,oursis stabilization) andtheir plantis
open—loopstablebut the spatialdomainis of dimensiorhigherthanours.Nonethelesghetechnical
problemof proving someregularity of the gainkerneltiesthetwo resultstogetherIn the paperq9]
numericalevidenceis presentedhatsuggestshatthe gainkernelis anL» functionwith compact
supporiconcentratedeartheboundaryWe prove theexistenceof anon—smootiout boundedLy)
gainkernel.

Backsteppingvas appliedto PDEsin [13, 25, 7] but in settingswith only a nite number
of steps. An approachor control of a fairly broadclassof nonlinearparabolicPDEsbasedon
approximatenertial manifoldswasdevelopedby Christo des[11, 12].

Organization. Thispaperis organizedasfollows. In Section2 we formulateour problemandits

discretizatiorandwe lay out our stratgy for the solutionof the stabilizationproblem.The precise
formulationof our maintheoremis containedn Section3. In Lemmal of Section4 we design
a coordinatetransformatiorfor a semi—discretizationf our systemwhich mapsit into an expo-

nentially stablesystem.We showv in Lemmaz2 thatthe discretecoordinateransformatiorremains
uniformly boundedasthegrid getsre ned andhencet cornvergesto a coordinatdransformatiorof

thein nite dimensionabystem.TheregularityC,, 01 Ly 01 of thetransformations estab-
lishedin Lemmag3. Thestability of thein nite dimensionatontrolledsystems shavnin Lemma
4 completingthe proofof our maintheorem Finally we presennhumericakimulationsn Section5

shaving, besideghe effectivenesf our control,thatreducedversionsof the controllerstabilizes
thein nite dimensionabkystemaswell.

2 Motivation

The semi—discretizedgersionof system(1.1)—(1.3)usingcentraldifferencingin spaces the nite
dimensionabkystem:

Uo 0 (2.1)
Ui Ui .

Ui e 1 h2| "1y i 1 n (2.2)

Un 1 an Uy U2 Up (2.3)



wheren , h n—ll andy; uiht,l; | ih fori O n 1. With u, 1 ascontrol,this
systemis in the strict—feedbackorm andhenceit is readily stabilizableby, for examplebackstep-
ping, or by transforminghe systeminto the Brunovsky form andapplyingpole placementi.e., by
“feedbacKinearizatior. Howeverthesenawe controllaws would have gainsthatgrow unbounded
asn ¥,

Theproblemwith standardackstepping@ndfeedbacKinearizationis thatthey would notonly
attemptto stabilizethe equation,but also placeall of its poles,andthusasn ¥, changeits
paraboliccharacterindeedanin nite dimensionalersionof the Brunovsky form or thetridiago-
nalform in backsteppingrenotparabolic.Ourapproachwill beto transformthe systemput keep
its paraboliccharacteri.e., keepthesecondspatialderivative in thetransformedtoordinates.

Towardsthis end,we startwith a nite dimensionabackstepping-styleoordinateransforma-

tion

Wo u O (2.4)
Wi U aj 1 un U 1 i1 n (2.5)
Wh 1 0 (2.6)

for thediscretizedsystem(2.1)—(2.3),andseekthe functionsa; suchthatthe transformedsystem
hastheform

Wo 0 (2-7)
Wi eWi 1 Zr\:;/i Wt CW - n (2.8)
Wh 1 0 (2.9)

The nite dimensionabystem(2.7)-(2.9)is thesemi—discretizedersionof thein nite dimensional
system

W Xt ewgy Xt cwxt x 01 t O (2.10)

with boundaryconditions
w0t 0 (2.11)
wlt 0 (2.12)

whichis exponentiallystablefor ¢ ep?.
The backsteppingoordinateransformatioris obtainedby combining(2.1)—(2.3),(2.4)—(2.6)
and(2.7)—(2.9)andsolvingtheresultingsystenfor thea;'s. We obtaintherecursve form

1 h? ai 1
aj “ 2 chPa 1 a2 —Ili cuy fai 4 U 2u; =h?lqup
up e
i1
flai 1 1,
Ui 2U; Uj —h“l ju; 2.13
a g, M 1o2up U Yy (2.13)

fori 1 nwith initial valuesag a 1 0. Writing thea;'sin thelinearform

i
o)

ai a kiju i1 n (2.14)
i1



andperformingsimplecalculationsve obtainthe generakecursve relationship

h2

ki1 s C l1 ki 11 ki 21 k12 (2.15)
2

Ki j hEC|jki1jki1j1ki1j1ki2j o2 i 2 (216)
h2

Kii 1 s © i1 ki1i1 k102 (2.17)

h2
Kii K 1i1 < C ' (2.18)

fori 3 n with initial conditions

ki1 < C l1 (2.19)
k L) c 12 (2.20)
21 2 1 :
h2 h2
k: — I — I 2.21
22 = c |1 = c I2 ( )
h® 3 h?
k: — I — I 2.22
31 3 c |1 = c I2 ( )
h? h? h? h* 2
K?,Z E C | 2 E C | 1 E C | 2 g C I 1 (223)
h? h? h?
— I — I — I 2.24
ka3 sC¢ i Sl —cls (2.24)
For thesimplecasewhenl x | constantequationg2.15)—(2.24)canbe solvedexplicitly to
obtain
i1 . j 21
i S I . B i c 1 !
i) | 1 en 12 lat i1 j2 gn 12
J en 1 g | | en 1
(2.25)

fori 1 nj 1 i
Regardingthein nite dimensionabystem(1.1)—(1.3)thelinearity of the controllaw in (2.14)
suggestsa stabilizingboundaryfeedbaclkcontrolof the form

1
au k x ux dx (2.26)

0
wherethefunctionk x isobtainedasalimitof n 1 kg T Lasn ¥.Fromthecomplicated
expression(2.25)it is not clearif suchlimit exists. A quick numericalsimulation(seeFigurel)
shavsthatthecoefcients n 1 kyj T , remainboundedbut it alsoshavstheiroscillation,and
increasingn only increaseshe oscillation(seeFigure?2). Clearly thereis no hopefor pointwise
cornvergenceto a continuouskernelk x . However, aswe will seein the next sectionsthereis
weak*cornvergencean Ly aswegofromthe nite dimensionataseo thein nite dimensionabne.
As aresult,we obtaina solutionto our stabilizationproblem(1.1)—(1.3).
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3 Main Result

As we statedearlier we usea backsteppingchemeor the semi—discretizecdhite differenceap-
proximationof system(1.1)—(1.3),(2.26) to derie a linear boundaryfeedbackcontrol law that
malkesthein nite dimensionatlosedoop systenstablewith anarbitraryprescribedtability mar
gin. The preciseformulationof our mainresultis givenby thefollowing theorem.

Theoreml. Foranyl x Ly 01 ande ¢ Otherexistsafunctionk Ly 0 1 sudthatfor
anyup Ly 01 theuniqueclassicalsolutionu xt C! 0¥ ;C?2 01 ofsysten{l.1)—(1.3),
(2.26)is exponentiallystablein theL, 0 1 and maximurmnormswith decayrate c. Theprecise
statementsf stability propertiesare the following: Theke existsa positive constantV 2 suc that
forallt O

ut Mu e® (3.1)
and
max utx M sup ug x e @ (3.2)
x 01 x 01

Remark 1. For a givenintegral kernelk Ly O 1 the existenceandregularity resultsfor the
correspondingolutionu x t followsfrom trivial modi cationsin theproofof [24, Thm4.1]. See
also[18].

4 Proof of Main Result

As it wasalreadymentionedn theintroduction the proof of Theoreml requiresfour lemmas.

Lemma 1. Theelement®fthesequencek; ; de nedin (2.15)—(2.24patisfy

i h2 P 021 i | h2 pad
ki el lat i1 g e
(4.2)
wheel max, g1 | X
Remark 2. Thereis equalityin (4.1)whenl x | congant with a minussignreplacingthe

absolutevaluesign.

aM growswith ¢, | andl e



Proof. Theright handsideof equationg2.19)—(2.24)canbe estimatedo obtainestimatedor the
initial valuesof k's

h2
ki1 < © | (4.2)
h4
ko1 2 ¢! 2 (4.3)
h2
ka2 25 ¢ | (4.9)
h® s h?
k — — :
31 3 c | o c | (4.5)
h4
ks 2 35 ¢ | 2 (4.6)
h2
K33 3E c | 4.7)
Wethengofrom j i backwardsto obtainfrom (2.18)
.h?
ki i c | (4.8)
ii 1h 2
Kii 1 5 &2 c | 4.9
Finally we obtaininequality(4.1) of Lemmal usingthe generaldentity (2.16)andmathematical
induction. O

In orderto prove thatthe nite dimensionatoordinatdransformatior(2.4),(2.5),(2.14)con-
vergesto anin nite dimensionabnethatis well-de ned, we shav the uniform boundednesef
n 1 ki j with respectto n asi 1 nj 1 i. Note thatthe binomial coefcients
of equation(4.1) aremonotoneancreasingn i andhenceit is enoughto shav the boundednessf
terms n 1 knn j . Also,weintroducenotations

o

E — 4.10
. (4.10)
and )
q % 01 (4.11)
sothatwe canwrite
h—2 c | E (4.12)
e n 12 '
and
knn j knn gn
gn 1
n E
gn 1 n 172
gn 2 1 gn 2i 1
o gn i n i
naat i1 g2 12 (4.13)



Lemma?2. Thesequence n 1 kg i1 nn , remainsboundediniformlyinnandjasn ¥,

Proof. We canwrite, accordingo (4.13),

E gn 1
n
"Aleew Mg g
gn 2 1 gn 21 1
o gn | n | E
n 1 n qgn Iall— L1 gn 2 12 (4.14)
The rst termin (4.14)canbeestimatedas
gn 1
E E " E
n 1 : n 192
an 1 n 12 n 1 n 1qn2
gn
e E
n
EeF © (4.15)
wherethelastline shavs thattheboundis uniformin n andalsoin g.
In thefollowing stepswe will usethesimpleinequalities
n |! n n 1 n | 1 n |! n!
ngnl! ngn 2n gn 201 ngn!l 1n gn ! n gn 2!
(4.16)
and
|
gn | ! 1 an?2
4.17
Ngn 20 1! n 1 a (4.17)
with this we obtain
®21 gn | n | g "2
nlnnqlall—ll gn 2 n 12
=N 1n%2  gn 1! 1 an2 n! E 2
nlzlalllanI 1! n 1 gn 21!'n gn 21! n 1
nq E S
Eqé n - 1I’1 S
s1 n
E ™
Eq 1 —
a n
Eef

Herein thelaststepwe usedthefactthatthecorvergence 1 % "N ¥ Eis monotonéancreasing
andg 0 1. Thisprovesthelemma. O



As aresultof theabove boundednessye obtaina sequencef piecavise constanfunctions
n |
knxy n 13 @kjcy Xy xy 01 01 n 1 (4.18)
i 1j 1
where
01 ij 1
n 1n 1 n 1n 1
The sequencd4.18)is boundedin Ly 01 01 . ThespaceLy 01 01 isthedual
spaceof L1 01 01 hence,it hasa correspondingweak*—topology Since the space
L1 01 01 is separablejt follows nowv by Alaoglu's theorem,see,e.g. [21, pg. 140]
or [28, Theorem6.62], that (4.18) corvemgesin the weak*—topologyto a function k x y
Ly 01 01 . The uniformin p weak corvergencein eachL, 01 01
Ly 01 01 ,immediatelyfollows.

Remark 3. Alternatively, usingthe Eberlein—-Shmulyatheorensee e.g.,[32, pg. 141],0ne nds
that(4.18)hasaweeklycorvemgentsubsequendeeachL, 01 01 spacdorl p ¥ with
LP—normsboundeduniformly in p. Using diagonalprocessve choosea subsequence n
suchthat k,, xy 01 convergesweakly to the samefunctionk x y in eachof the spaces

Lp 01 O01,p . Thefunctionk x y alongwith kg, XY . 1 Is uniformly bounded
in all thesel ;,—spacesvith the sameboundfor all p

Remark 4. In the caseof constanti we have equalityin (4.1). The right handsideis strictly
monotonencreasingn i, whichresultsnk C 01;Ly 01 .

li i i 1 i i1 n n 1 (4.19)

Lemma3. Themapk: 01 Ly 01 isweaklycontinuous.
Proof. Fromtheuniformboundedness i of (4.1) we obtainthat

nx nx 1 v X
Akuili & n LTkpj uyy—s" k xx ux dx u L1 01 x 01
j 1 1 n 1 0

(4.20)
Here nx denoteshelargestintegernotlargerthannxandthecornvergencds uniformin x, meaning
thatfor alle OthereexistsN e suchthat

kxxuxdx Qkmjuj e x 01 n N
0 .
j 1
Foranarbitraryx 0 1 wenow x ann N e 2 andchoosead Osuchthatnx nx d .

We obtain
1 1

kK xx ux dx kx dxux dx
0 0
X _ gx gx n>éd
kxxuxdx gknji akmijlyi a Knxd jyj
0 i1 i1 i1
n>éd x d_
a Knxd jyj kx dxux dx
i1 0
e2 0 e2 e (4.21)
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which provestheweakcontinuity, i.e.

k Cy 01;Ly 01 (4.22)

Thefollowing lemmashavs how normschangeunderthe above transformation.

Lemmad4. Suppos¢hattwofunctionsw x Ly 01 andu x Ly 01 satisfytherelationship

X~
WX UX K xx ux dx x 01 (4.23)
0

whee .
k Cy 01;Ly O1 (4.24)

Thenthere exist positiveconstantsn and M, whosesizesdepencbnly on k, such that
mwy Uy Mwy

and
m w u M w

Proof. Clearly
wy 1 K

Let uschoosea positive constant

y Uy (4.25)

d min11 2k, (4.26)

sothatd k ¢ 1 2,andletusdenote

, 1
Uyig ©SSsup u X i1 - (4.27)
x i 1did d
andforNgy 1d 1
Uy N esssup U X (4.28)
x Ng 1d1
whichis zeroin thespecialcasewhenl dis aninteger We have that
’c\)ld
i1
We have, from (4.23)
Uy g Wygg dUyqg Ky (4.30)
andthen 1
u — W 4.31
¥ud 74k ¥ 1d ( )



Similarly

2d
Uy g Wy o4 Kxxuxt dx
0
andfrom here
1 dk,
Uy og T Wyoy 7 Wy
1 dk¥ 1 dk¥
1 dk,
— W — W 4.33
¥
Similarly
3d
Uy a4 Wy g4 . kKxxuxt dx
d . 2d 3d
w k xx uxt dx kxxuxt dx k xx uxt dx
¥ 3d 0 y d y 2d
Wy 34 dk¥u¥1d dk¥u¥2d dk¥u¥3d (4.34)
resultingin
1 o -
Uy gy 1T dk. Wygg dky Uygg dky Uyy
¥
dk,
w W
~ ~ 2
d k d k
¥ ¥
_ w - W
1 dk¥2 ¥ 2 1 dk¥3 ¥ 1d
1 dk, dk,
—_ W — W — W 4.35
1dky, Y™ 149k, "M 1 dk,? vao (4:39)
andby induction
1 o 1gt 1
Uyig — = Wy dkya wWyiy — (4.36)
¥i 1dk¥ ¥ ¥j0 ¥J:|.dk¥|J:L

fori 1 Ny with thecorventionthat w y o4 0. Usingthede nition of d we obtainfrom
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inequality(4.36)that

L\)Id
Uy a Uyig
i1
! gfw dkg{“alw !
¥id ¥ id ~
1dk¥|1 I ¥ile :|.dk¥Ijl
Ng 1 Ng
MNgwy 8 Wyjga 2/
j 1 i j1
Ng 1

2NN Wy (4.37)

Inequality(4.25)togethemwith (4.37)resultsin therelationship

— Wy Uy 2Y%Ng wy (4.38)
1 ky
For the Lo—normstheinequality
LI u 2M Ny w (4.39)
1 k
canbeprovenin asimilarway. Taking
m 1~ (4.40)
1 ky
and
M 2NNy (4.41)
we obtainthe statemenobf thelemma. O

Proofof Theoeml1. We now completethe proof of Theoreml by combiningthe resultsof Lem-
masl-4.In Lemmal we derivedacoordinatdransformatiorthattransformghe nite dimensional
system(2.1)—(2.3)into the nite dimensionabystem(2.7)—(2.9).As aresultof theuniform bound-
ednes®f thetransformatior{shovnin Lemma2) we obtainedhecoordinatdransformatior{4.23)
thattransformsthe unstableheatequation(1.1) with zeroDirichlet boundaryconditionsinto the
stableheatequation(2.10)—(2.12). Due to the weak continuity provenin Lemmaa3 the in nite
dimensionatoordinatdransformationmesultsin the speci ¢ boundarycondition

1
ult awu Kxuxt dx (4.42)

where
kx ki1x x 01 (4.43)



withk Ly 01.

It is importantto notethatthe functionk x is not necessarilysmooth,not even continuous.
This non—smoothnessanbe seemumericallyin Figure5 andanalyticallywhenwe considek x
asthelimit of its nite differenceapproximation n 1 kyj i1 For examplefor the

casd x | Owehavefrom(2.18) "
im n 1 kin | ¢ (4.44)
n ¥ e
whichis a nggative constantyhile (2.17) providesuswith
rllirr;é n 1k 0 (4.45)

Thecorvergencen Sobole spaceﬁwz2 1 (see,e.g.[1]) of the nite differenceapproximations
obtainedfrom (2.1)—(2.3)and(2.7)—(2.9)to the solutionsof (1.1)—(1.3)and(2.10)—(2.12yespec-
tively is obtainedusinginterpolationtechniquegsee,e.qg. [5].) Using Greens functionand x ed
pointmethodasit wasdonein [24], we seethatsolutionsto (1.1)—(1.3)(4.42)are,in fact,classical
solutions. The well known (see,e.g. [10]) stability propertiesof solutionw to the heatequation
(2.10)—(2.12plongwith Lemma4 provesthe stability statementsf Theoreml. 0

5 Numerical Demonstration

In accordancevith thederivationof our controlwe usea secondrder nite differencescheman
ournumericakimulationsIn spacehediscretizations exactlytheoneusedn theprevioussection.
Thetimediscretizations basednalow—storagethreetime step third—ordefRunge—HKitta/Crank—
Nicolsonschemgsee[29]). Considersystem(1.1)—(1.3)with|l x | 17,e 01 andwith
initial conditionug x 0 01€® *sin8px. In this casethe numberof unstableeigevaluesis
4 andthe growth boundof the openloop systemis wg 16 (seeFigure 3). Using the method
developedin Lemmal we obtainforc  1,n 400akernelfunctionk x  k, X displayedin
Figure4. For a smallervalueof e Figuresl and2 of Section2 alreadyshovedthe oscillationof
thefunctionk, x . Thistellsusthatthelimiting kernelfunctionk x is notcontinuousDueto the
high growth bound(wp  16) of the openloop systemin the presentasethe gainvaluesarequite
high andhencesimilar oscillationcanbe seenonly afterenlaging somepartof functionk, X in
Figure5. As Figures6 and7 shaw, the obtainedcontrol effectively stabilizessystem(1.1)—(1.3).
Next, we keepthe high resolution(n  400)in the discretizationof (1.1) but reducethe number
of pointsng usedin the feedbackcontrol (1.3) with still uniformly distributed obsenration points

% :

n 1
obserationcasen, 400. By increasingheresolutionin the nite differenceapproximationof
thesystemton 1000anddt 10 ° we wereableto decreas¢he numberof obserationpoints

downtong 5 beforelosingthestabilizingeffect.

k 1 nk. As Figure8 shows, thecasen, 100 virtually agreeswith the “full”

Remark 5. 1. By increasing furtherabove 1000it shouldbe possibleto reduceny to 4.

2. Anotherpossiblevayto reducethenumberof measuremenevenbelow theverylow ng 5
Is to usealow—dimensionabbsenrer basedn Galerkin's methodasin [12].
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Figure3: Uncontrolled

3. We useequispaceabsenration pointsin the deriation of the kernelfunctionk x . Even

thoughnumericallythis is not necessarilyhe mostoptimal choice,it is a choicethatallows
to establistregularity of the kernelandof the closed—loog?DE system.
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